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A free polynomial is an element in P4, the semigroup algebra over C of
the free semigroup with d generators. We refer to the generators as
‘variables’.

For example,
p(x) = p(x*, x?) = 1+ 3xx% — 2x3x* + 7x1x3x?
is a free polynomial in 2 variables.

If p € Py, then for each n € N we can define a function p” by plugging
in matrices for the variables.

Thus, if p is the polynomial above, and M = (M?*, M?) is a pair of n x n
matrices, p"(M) is the n x n matrix defined by

pN(M) =14 3M*M? —2M>M* + 7TM* M2 M.
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M, is the set of n X n matrices with complex entries.
M is the set of d-tuples of n x n matrices with complex entries.
Thus, if p € Py and M € M9, then p\(M) € M, is defined by

P (M) = p(M,...., M),
Since n € N is an arbitrary natural number, we form

M = D M, and MY = G M.
n=1 n=1

M9 is the ‘one dimensional nc-universe’, MY is the ‘d-dimensional
nc-universe’ and if p € P4, then

p" M?— ML
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Some properties of the functions p”

Ll e

Domain(p") = M9 .
Codomain(p”") = M?.
p" is graded , i.e., if n € N and M € MY then p"(M) € M,,.

p” preserves direct sums , i.e., if M € M2 and N € M9 | then
with the notation,

MoN=(MaN,. . . M oN,
we have that
p(M ® N) = p"(M) @ p"(N).
p” preserves similarities , i.e., if n€ N, M € M% and S € T, the
set of invertible n x n matrices , then with the notation,
STIMS = (S7IMS,...,571MmH9S),

we have that
p N (STIMS) = S71p"N(M)S.
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nc-Domains and nc-Functions
Definition. We say that D C M is an nc-domain if

1. for each n € N, DN MY is open in MY,
2. D is closed with respect to direct sums, and

3. D is closed with respect to unitary equivalence.

Note. If we required D to be closed with respect to similarities, then
D={MeM'||M| <1}

would not be an nc-domain.

Definition. We say that ¢ is an nc-function on D if D C M is an
nc-domain, ¢ : D — M?*, and
1. ¢ is graded,
2. ¢ preserves direct sums, and
3.
¢(STIMS) = ST1p(M)S
whenever both M and S~1MS are points in D.
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Basic Sets and the Free Topology

Definition. By a basic set in MY is meant a set of the form
d
Gs = {x e M [o(x)[ <1}
where ¢ = [d;] is an | x J rectangular matrix with entries in Py.
Xl
For example, if §(x!, x?) = [x2] then
Gs = {x € M?|xY"x} + x*"x? < 1}
. . x1 0
is the column ball and if §(x!, x?) = [0 Xz] then

Gs = {x € M?[|Ix'|| <1and [|x*|| < 1}

is the biball.
Notice that if 6; and &, are matrices of free polynomials, then
G51 N G52 = G51€B52

Definition. The free topology on M is the topology on MY which
has as a basis the basic open sets.
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Free Topology and Analysis

Let D be an nc-domain and let ¢ : D — M! be a graded function.

1. ¢ is free continuous if ¢ is continuous when D and M! are
equipped with the free topology.

2. ¢ is free locally bounded if for each M € D there exists a free
open set U such that M € U and ¢ | UN D is bounded.

3. ¢ is free locally nc if for each M € D there exists a free open set U
such that M € U and ¢ | UN D is an nc-function.

4. ¢ is free locally approximable by free polynomials if for each
M € D there exists a free open set U such that for each ¢ > 0 there
exists a free polynomial p such that

Vxeunp [l¢(x) — p(x)[| <e.

5. ¢ is analytic if each for each n € N each of the n? entries of ¢(x) is
an analytic function of the dn? entries of x.
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The Fundamental Equivalence

Theorem. (J. Agler and J. E. McCarthy, Global holomorphic functions in
several non-commuting variables, available on arXiv) Let ¢ be a graded
function defined on the free domain D. The following conditions are
equivalent.

—

. ¢ is locally bounded and locally nc
2. ¢ is continuous and locally nc

3. ¢ is analytic and locally nc
4

. ¢ is locally approximable by free polynomals

2 implies 3 is inspired by one of the many interesting ideas in J.W. Helton, I. Klep, and
S. McCullough’s Proper Analytic Free Maps, J. Funct. Anal. 260 (2011) 14761490.
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Free Holomorphic Functions

Definition. Say a function ¢ is a free holomorphic function if the
domain of ¢ is an open set in the free topology and any of the 4
equivalent conditions of the Fundamental Equivalence are satisfied.

Example. Functions defined by power series that converge uniformly and
absolutely on ‘sufficiently fat’ subsets of a domain when the terms of the
series are grouped homogenously.

Example. Free rational functions are free holomorphic functions.

Example. If § = (x'x? — x?x')? — 4, then Gs is a nonempty basic set and

o) =y 2

k=1

defines a free holomorphic function on Gy that is neither rational nor
locally representable by a power series at any point xy € Gy.
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Nevanlinna-Pick Interpolation

NP Problem Fix a basic set G5 C M9, nodes \1,..., Am € G5 and
targets zj,...,z, € M!. Does there exist a function ¢ satisfying

1. ¢ is free holomorphic on Gg,
2. sup,eg, lo(x)] < 1, and
3. ¢(A\;)) =z foreach i=1,...,m?

Say an NP problem with nodes A1, ..., A\, € Gy and targets
z1,...,Zm € M is solvable on Gj if there exists a ¢ satisfying 1, 2, and
3 above.
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z1,...,2zm € M! is solvable, then it must be solvable (without bounds)
by a free polynomial, i.e.,
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Proof: Let ¢ be a solution. Form
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As ¢ is holomorphic, in particular, ¢ preserves direct sums. Hence,

d(A) = d(BLN) = ®lip(N) = Dtz = z.
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Lemma 1. If an NP problem with nodes Ay, ..., A, € Gs and targets
z1,...,2zm € M! is solvable, then it must be solvable (without bounds)
by a free polynomial, i.e.,

HCEPd C()\,) = Zj for each | = 1, cee,m.

Proof: Let ¢ be a solution. Form
A=B" )\ and z=0"z.
As ¢ is holomorphic, in particular, ¢ preserves direct sums. Hence,
d(A) = o(@LN) = lip(N) = Oz = z

As ¢ is holomorphic, in particular ¢ is locally uniformly approximable by free
polynomials. Hence, there exists a sequence p1, p2, ... € P4 such that
pe(A) = ¢(A) as k — oo. Therefore, if we let

Ax ={p(A) | p € Pa},
then
z=¢(\) = len;o pc(A) € Ax.

But, as A, is finite dimensional, A} = Ax. Therefore, z € Ay, i.e., there
exists ¢ € Py such that {(A\) = z. For this ¢, ((\;) = z for each i. O
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A Free Variety

A free variety is a set in M9 defined as the joint O-set of a collection of
free polynomials. Ideals that can be associated with these varieties are
studied in ‘Real Nullstellensatz and *-Ideals in *-Algebras’ by J. Cimpric,
J. W. Helton, S. McCullough, and C. Nelson (available on ArXiv)

Let V) denote the smallest free variety containing the nodes Ay, ..., Am,
ie.,

Vy = {x € M9]| p(x) = 0 whenever p(\;) = 0 for each i}.

Fact. If p is a free polynomial and p(A) = (), then p(x) = {(x) for all
x € V).

Lemma 2. If ¢ is any free holomorphic function on G satisfying
d(A) = ¢(N), then ¢(x) = ((x) for all x € V) N Gs.



Necessary Conditions for Solvability



Necessary Conditions for Solvability

If an NP problem with nodes A1,..., A\, € Gs and targets
Z1,...,2Zm € M is solvable, then necessarily there must be a free
polynomial that interpolates the nodes to the targets, i.e.,

HCGPd C()\,) = Zj foreachi=1.... , m.



Necessary Conditions for Solvability

If an NP problem with nodes A1,..., A\, € Gs and targets
Z1,...,2Zm € M is solvable, then necessarily there must be a free
polynomial that interpolates the nodes to the targets, i.e.,

HCGPd C()\,) = Zj foreachi=1.... , m.

Furthermore, if ( is any such polynomial and ¢ is a solution to the
problem, then since ¢(A) = {(A), Lemma 2 implies that ¢ = ¢ on all of
Vi.



Necessary Conditions for Solvability

If an NP problem with nodes A1,..., A\, € Gs and targets
Z1,...,2Zm € M is solvable, then necessarily there must be a free
polynomial that interpolates the nodes to the targets, i.e.,

HCGPd C()\,) = Zj foreachi=1.... , m.

Furthermore, if ( is any such polynomial and ¢ is a solution to the
problem, then since ¢(A) = {(A), Lemma 2 implies that ¢ = ¢ on all of
V. Hence,

sup [[¢(x)l[ = sup [lo(x)]| <1.

x€EVANGs XEVANGs



Necessary Conditions for Solvability

If an NP problem with nodes A1,..., A\, € Gs and targets
Z1,...,2Zm € M is solvable, then necessarily there must be a free
polynomial that interpolates the nodes to the targets, i.e.,

ElCGJP’d C()\,) = Zj foreachi=1.... , m.

Furthermore, if ( is any such polynomial and ¢ is a solution to the
problem, then since ¢(A) = {(A), Lemma 2 implies that ¢ = ¢ on all of
V. Hence,

sup [[¢(x)l[ = sup [lo(x)]| <1.

x€EVANGs XEVANGs

These necessary conditions are sufficient to solve the problem as well.



Necessary Conditions for Solvability

If an NP problem with nodes A1,..., A\, € Gs and targets
Z1,...,2Zm € M is solvable, then necessarily there must be a free
polynomial that interpolates the nodes to the targets, i.e.,

ElCGJP’d C()\,) = Zj foreachi=1.... , m.

Furthermore, if ( is any such polynomial and ¢ is a solution to the
problem, then since ¢(A) = {(A), Lemma 2 implies that ¢ = ¢ on all of
V. Hence,

sup [[¢(x)l[ = sup [lo(x)]| <1.

x€EVANGs XEVANGs

These necessary conditions are sufficient to solve the problem as well.

Since a NP problem, if it is solvable, must be solvable by a polynomial,
we may as well assume that the problem was presented to begin with via
a polynomial, i.e., assume that the targets are given as the values at the
nodes of a free polynomial.
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The Free Nevanlinna-Pick Theorem

Theorem. Fix a basic set G5 C MY, points Ai,...,Am € G5 and a free
polynomial (. There exists a free holomorphic function ¢ on Gj satisfying

sup [lo()[ <1 and - 9(A) =C(N), P=1,.m

if and only if

sup <) < 1.
x€V\NGs
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1. Foreach Ne N let £, = V\ N Gs N M.

2. Let EPl =U®,E, x E,.

3. View Py @ P4 as a space of functions on E by identifying g @ p
with the function h defined by

h(y,x) =a(y)'p(x),  (x,y) € EPL

Call this space H.

4. Equip H with a locally convex topology so that the Hahn-Banach
Separation Theorem can be applied to probe convex subsets of H.

5. Let C be the wedge in H generated by the elements h € H that have

the form
h(y,x) = p(y)* (1 = 8(y)*6(x))p(x),  (x,y) € EV
for some
P1
p=1:1]¢€ c’'® Py.

Py
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6. Apply the Hahn-Banach Separation Theorem to wedge C and the
point h =1 — ((y)*((x) to show that the condition,

sup (IO <1,

xeViNGs

in the statement of the Free Nevanlinna Pick Theorem implies that
¢ has a 9-model , i.e., there exist free vector-valued polynomials
pi,--.,pn € CY ® Py such that

YYx) = Zpk (16007500 pr(x), (o) € EBL



7. For each fixed n € N, apply a Lurking Isometry Argument to deduce
the existence of an isometry

L, = [é g"] C"o(C"eC' )= C e (C"eC! e ?)

such that for each x € V), N Gs N MY,

((x) = Aq + B, (8(x) @ idy2) ( L= Dy (0(x) @idee) )71 Cn

8. Exploit the fact that ¢, the entries of §, and the coefficients
Pi,- .-, Py in the model formula for ¢ are free polynomials to show
that the highly non-unique isometries L, of the previous step can be
modified so as to satisfy the additional property that for each n € N,

L,=1id, ® L;.



9. Steps 7. and 8. imply the formula,
((x) = idn®A1+(id,,®Bl)(6(x)®id£2)(1—(idn®D1)(5(x)®idzz))71(idn®C1),
valid for each n € N and each x € V), N Gs N M.
10. Define ¢ on all of Gs N MZ by the formula,
6(x) = 1da® A1+ (ids ® B)(5(x) @1d2) (1-(ida ® D) (5(x) 81d,2))  (idn® 1),
11.  » x € Gs implies
I(idn ® D1)(8(x) ® idp2)|| < 1.

Therefore, ¢ is well defined.
» The ®° are in the formula are laid out in such a way that ‘follow
your nose algebra’ guarantees that ¢ is an nc-function.

» Since L; = [él gl} is an isometry,
1 1
sup [[¢(x)[| < 1.
x€EGs

> |n particular, the Fundamental Theorem implies that ¢ is a free
holomorphic function.

> The formulas for ¢ and ¢ agree when x € V\ N Gs. Therefore, since
Ai € VN G5 for each i, ¢p(N;) = ¢(\;) for each i.



