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|f||o. =infC
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Extreme case o = 1

f(x + h) + f(x — h) — 2f
fipe A(R) = {f: sup XM+ Tx=h) = 21(x)]
’ x,heR |h\

< oo}



Extreme case o = 1

fipe A(R)={f: sup |F(x + h) + f(x — h) — 2f(X)|
x,heR |h\

< oo}

Ata.e. x e R,

lim sup [fo(x + h) — fi p(X)| —

h—0 ld
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Theorem (Makarov, 1989)

@ Forany f € A\.(R), one has

dim{x € R : limsupy,_,o W < oo} =1
@ Forany f € X\.(R), one has

dim{x € R : f is differentiable at x} = 1.
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Oscillation of the Hardy-Weierstrass functions

Fix 0 <a <1, b> 1. Foralmost every x € R,

fa,b(x + h) - a,b(x)
s

h—

oscillates between —C(a, b) and C(«a, b) when h — 0
Random Walk
Given a function f € Lip,(R) and 0 < € < 1/2, consider

0.1 = [ THEDZICEND

£

@ Trivial estimate: ||©:(f)|lcc < 2%||f||alog1/e
@ Best possible: For f(x) = |x|*sign(x), ©-(f)(0) > Clog1/e
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@ For

foo = 271*sin(2r2/t) € Ao(R)
j
one has the converse estimates
@ For b large enough,

— >clog1/e

/1 fap(X + h) = fup(x — h)[ dh
j ha h

fora.e.x e R.
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Related LIL’s

Theorem (Lyubarskii-Malinnikova and
Solberg-Malinnikova-Mozolyako, 2012)

u harmonic inD, |u(z)| < V(|z|). Consider

I(f)(rel!y = /0 r u(se”)d(vzs)

Then,

it
T |/(f)(re")] < C,aet
-1 +/log V(r)logloglog V(r)
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Subgaussian Estimate

Assume ||f||o = 1.

') b _ .
/0|\/W\ _/O t{x : ©.(f)(x) > ty/Iog(1/)}|alt

Subgaussian Estimate:

1{x €[0,1] : |©2(f)(x)| > t\/log1/e| < ce~F/°.
Here ©7(f)(x) = Sup{leg( )X :1/2>6>¢€}
@ Gives LP estimates
@ Gives LIL

Exponential Inequality: For any A > 0,

/ " exp (107 (1)(x)) dx < cexp (c()¥log(1/2))
0
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Dyadic Model

@ Dy: dyadic intervals of length 2=

@ A sequence of funcions {S} is a dyadic martingale if
(a) Sk is constant in each interval of Dy
(b) Forany I € Dy, [,(Sk+1(x) — Sk(x))dx =0

@ Quadratic Variation: (S)2(x) = S_¢_1(Sk(x) — Sk_1(x))?

° {x: nIme Sn(x) exists} = {x : (S)so(X) < 0} a.e.

@ Ata.e. x where (S)(X) = o0,

lim sup [Sn(X)] <c
n—oo 1/(S)2(x)loglog(S)n(x) ~

)

@ For0 < p < oo, ||supn|Shlllp = 1{S)ccllp




Discrete Exponential Inequality

Assume Sy = 0. Then for any A > 0,
1
| o8t o < Comp(CAZ(SII)

Here Sy (x) = supp<p |Sn(X)|
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Martingale of Divided Differences

Given f : R — R, consider the dyadic martingale

Sk(x):w ,x e l=(a,b)e Dy

If f € Ag, then || Sylls < C2K(1-0)

Fore =2N,
B f(x+h) —f(x —h)dh
e(f)(x)—/a - .
N
)_fak K(a—1
=y () -3 Sz
k=1 k=1

where x € (ax(x), bx(x)) € D.
For 8=1—a, Tn(x) = Tn({Sa})(x) = 331 27 Sk(x)
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Discrete Version of the Main Result

For 8 =1—a, Ty(x) = SN, 27%3S,(x).
Trivial Estimate: ||I'y||cc < CN
Theorem

Let {Sn} be a dyadic martingale with Sy = 0 and
1Snllsc < C2"%, n=1,2,... . Consider I'y(x) = supy<pn Tk(X)|.
Then,

o [ exp (A5 (x)) dx < Ce®N A >0,N=1,2,...,
o [ |IMs(x)[2dx <CN,N=1,2,.

e limsupy_,., A2 < ¢ aexe[01]

v/NloglogN —
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@ [y is not a dyadic martingale but

n

To:=> 27%(8 = Sk_1) = C(B)n+0(1)
k=1

e (T)h <Cvn
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Proof. Continuous Version

@ For 1 < p <2, Dk(p): dyadic intervals of length 2%
@ Given a function f € A,, consider

spne) = O e i @ b) e i)

N
Fu(Nx) =D 27X Sp(f)(x).
k=1

@ Consider fs(x) = f(x — ). Then

2 1
Oy n(F)(X) = c/1 /0 M (£)(x + 5) ds‘;g’ +0(1)



