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The operator Jg includes (as a particular cases):
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1 Integration

gperators on the Let g € H(D). Define the linear operator

sia)= [ O dc. feHD),

The operator Jg includes (as a particular cases):
the Volterra operator (choose g(z) = 2).
the Cesaro operator (choose g(z) = log(1 — 2)).
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Hardy spaces in the unit disk

Hardy spaces
integration
operators

Theorem [Aleman-Siskakis: p > 1; Aleman-Cima: 0 < p < 1]

— Let0 < p < oo and g € H(D). Then J, is bounded on HP(D) if and
operators on the only if g € BMOA.

Theorem [Aleman-Cima; 2001]

Let0 <p<g<ocandge H(D). Leta= ] - ¢.

m If o <1, then J, : HP(D) — HY(D) is bounded if and only if

Jordi Pau

sup(1 —|2[?)' (g’ (2)] < co.
zeD

m If o > 1 then J; : HP(D) — H9(ID) is bounded if and only if g
is constant.
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Let0 < g < p < oo. Then J; : HP(D) — HY(D) is bounded if and
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Hardy spaces in the unit disk

Hardy spaces
integration

operators Theorem [AIeman-Cima; 2001]

Let0 < g < p < oo. Then J; : HP(D) — HY(D) is bounded if and
Pq

1 Integration
operators on the

disk only if g € H" with r =

The proof uses in a decisive way the strong factorization for
functions in the Hardy space:

11
1

HP = H° - H!,
S

o=
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Hardy spaces in the unit disk

Hardy spaces
integration

operators Theorem [AIeman-Cima; 2001]

Let0 < g < p < oo. Then J; : HP(D) — HY(D) is bounded if and
pPq

1 Integration
operators on the

disk only if g € H" with r =

The proof uses in a decisive way the strong factorization for
functions in the Hardy space:

11
1

HP = HS . H!,
S

o=

Theorem [Aleman-Siskakis; 1995]

(i) If1 < p < octhen Jy € Sp(H?) if and only if g € B,.
(i) If 0 < p < 1then J, € Sp(H?) if and only if g is constant.
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Integration operators in the unit ball

Hardy spaces
integration

operators Let B, ={z e C":|z| < 1}. For g € H(B,) define the linear
Jordi Pau operator

1
Jgf(2) = / f(tz) Rg(tz) ?, zeB,
0
2 Integration

gzﬁratorson the for f holomorphlc |n Bn_
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Integration operators in the unit ball

Hardy spaces
integration

operators Let B, ={z e C":|z| < 1}. For g € H(B,) define the linear
Jordi Pau operator

1
Jgf(2) = / f(tz) Rg(tz) ?, zeB,
0
2 Integration

gzﬁratorson the for f holomorphlc |n Bn_

Rg is the radial derivative of g

n

)
Ro(z) =Y z azgk( ), z=(z1,...,2n) € Bp.
k=1
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Integration operators in the unit ball

Hardy spaces
integration

operators Let B, ={z e C":|z| < 1}. For g € H(B,) define the linear
Jordi Pau operator

1
W@ = [ () Ree) S, zem,
0
2 Integration
gzﬁratorson the for f holomorphlc |n Bn_

Rg is the radial derivative of g

Basic property:
R(Jyf)(z) = f(z) Rg(2).
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Hardy spaces on the unit ball
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For 0 < p < oo, the Hardy space HP(B,) consists of those
functions f € H(B,) with

2 Integration
operators on the

1/p
e = svp ([ 0P o) <.

0<r<i
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Hardy spaces on the unit ball

Hardy spaces
integration
operators

Jordi Pau

For 0 < p < oo, the Hardy space HP(B,) consists of those
functions f € H(B,) with

2 Integration 1 /P
\( thi
bl [fllHe = sup ( |f(fC)pd0(C)> < 0o.
0<r<i Sn

Theorem [Pau; 2012]

Let g € H(B,) and 0 < p < oo. Then Jy is bounded on HP(B)) if

and only if g € BMOA(B,). Moreover,

gl = [lg1l smon-
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Boundedness on Hardy spaces

Hardy spaces
integration
operators

Jordi Pay Let 0 < a < 1. A function g € H(B,) belongs to A(«) if

sup(1 —[z*)'"*|Rg(2)| < .

zeB,

Theorem [Pau; 2012]

Letg € H(Bn)and 0 < p < g < co. Leta = n(} — 3).
(i) fa < 1then Jy : HP(B,) — HY(B,) is bounded if and only if
g € Na).
(ii) If a > 1then Jy : HP(B,) — HI(B,) is bounded if and only if
g is constant.

2 Integration
operators on the
ball

This was previously obtained by Avetysan-Stevic in 2009.
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Boundedness on Hardy spaces
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2 Integration Theorem [PaU, 201 3]

SR | ot g < H(B,) and 0 < g < p < oo. Then Jy : HP(B,) — HI(By) is
bounded if and only if g € H"(B,) with r = pg/(p — q). Moreover,

[ ll e —sra = (|G| -
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Membership in Schatten p-classes
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Jordi Pau Theorem [Pau, 201 3]

Let g € H(B,). Then
2 Itegration (a) Forn < p < oo, Jg belongs to S,(H?) if and only if g € By,

operators on the

ball that iS,

| 1Ra(@)P (1 = 122 dro(2) < .

(b) If 0 < p < nthen Jy is in Sp(H?) if and only if g is constant.

Here
dv(z)

din(2) = A=z

Jordi Pau (Universitat de Barcelona) Hardy spaces integration operators May 2013



Hardy-Stein type inequalities
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If g(0) = 0 then

9117 X/B 9(2)IP~2|Rg(2) (1 — |z[*)dv(z)

3 Hardy space . . . . . .
CLEeC sl There is also a version using the invariant gradient

Vf(2) = V(f o ¢)(0)

gllZe x/IB 9(2)P~2Vg(2)1? (1 — |27)"dAn(2)
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The admissible maximal function

Hardy spaces
integration
operators

L For o > 1, the admissible approach region at ¢ € S, is

Fa(Q) ={z € Bo: |1 = (z.w)] < 5 (1-|2%)}

3 Hardy space
characterizations
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L For o > 1, the admissible approach region at ¢ € S, is

(6%
M) =TalQ)={zeBn: 1 = (z,w)| < 5 (1 - z%)}
The admissible maximal function is

f(¢) =1a(¢) = sup [f(2)], C€Sy
zelr(¢)

3 Hardy space
characterizations
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The admissible maximal function

Hardy spaces
integration
operators

L For o > 1, the admissible approach region at ¢ € S, is

(6%
M) =TalQ)={zeBn: 1 = (z,w)| < 5 (1 - z%)}
The admissible maximal function is

f(¢) =1a(¢) = sup [f(2)], C€Sy
zelr(¢)

3 Hardy space
characterizations

elet0<p<ooandfe H(B,). Then

1 l[psn) < ClIfllHe-
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The area function
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The admissible area function is defined on S, by

1/2
AF(C) = ( / NLCE |z|2)1-"dv(z)>

3 Hardy space
characterizations
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The area function
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The admissible area function is defined on S, by

1/2
AF(C) = ( / NLCE |z|2)1-"dv(z)>

3 Hardy space
sl The following is a classical result.

Let0 < p < oo and g € H(B,). Then g € HP if and only if

Ag € LP(S,). Moreover, if g(0) = 0 then

IgllHe = 1Al io(sy)
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Carleson measures
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A positive measure i on B, is a Carleson measure if

p(Bs(¢)) < Co”

forall ¢ € S, and § > 0, where

Bs(¢)={zeB,:|1—(z,¢)| <4}

3 Hardy space
characterizations

Theorem [Carleson; Hérmander]

Let 0 < p < co. Then Iy : HP(B,) — LP(B,, du) is bounded if and
only if u is a Carleson measure.
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Bounded Mean Oscillation

Hardy spaces
integration
operators

The space of analytic functions of bounded mean oscillation
BMOA = BMOA(B,,) consists of those functions f € H' with

Jordi Pau

Ifllaoa = |£(0)] + sup 0(10) /O 1) — fol do(C) < o,

3 Hardy space Where

characterizations

1
fo= U(Q)/Qfda

is the mean of f over Q and the supremum is taken over the
non-isotropic metric balls

Q=Q¢0)={¢eSn: 1 - (8] <d}
forall ¢ € S,and 6 > 0.
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Bounded Mean Oscillation

Hardy spaces
integration
operators

Jordi Pau The following is a well known result describing BMOA in terms of
Carleson measures.

Theorem
Let g € H(B,) and consider the measure 1.4 defined by

Fe dug(z) = |Rg(2)2(1 — |z|?) dv(2).

Then g € BMOA if and only if 1g is a Carleson measure. Moreover,
if 9(0) = 0, for all 0 < p < oo one has

1/2
IGllomon < sup ( |f(z)|Pdug(z)) .
[[f]] o =1 B,

Jordi Pau (Universitat de Barcelona) Hardy spaces integration operators May 2013 14/23



Jg bounded in HP implies g in BMOA

Case0<p<?2
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19llamoa < C || Jgll-

4 Proofs
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Jg bounded in HP implies g in BMOA
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We want to show
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191lBmoa < C | Jg]-
Let f € HP. From the Hardy-Stein inequalities we have

(o7 X/IB |Jof(2)P~2 |R(JgF)(2)? (1 — | 21?) dv(2)

et = | |Jgf(2)IP21£(2)I? dug(2).

Bn
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Jg bounded in HP implies g in BMOA

Case0<p<?2

Hardy spaces
integration
operators

We want to show

Jordi Pau

191lBmoa < C | Jg]-
Let f € HP. From the Hardy-Stein inequalities we have

IIJgfII’Z/pX/IB |Jof(2)P~2 |R(JgF)(2)? (1 — | 21?) dv(2)
e =/ |Jgf(2)P~2 |£(2)[? dpug(2)-

Recall that

||g||%/\/10Ax sup [f(2)|P dug(2)
Ilpo=1 B,
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Jg bounded in HP implies g in BMOA

Case0<p<?2
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&2 p/2
[Py < ( [ 1dtPang) * ([ 14t 2i0lng)

4 Proofs
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Jg bounded in HP implies g in BMOA

Case0<p<?2
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s [srom)” [ 7o)

2—p
) 2

< (l9llEmon - 1o f 17

4 Proofs
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e p/2
[Py < ( [ 1dtPang) * ([ 14t 2i0lng)

2-p 2
< (1913u0a - 1967156) = (1of1120)"

4 Proofs
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Jg bounded in HP implies g in BMOA
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e p/2
[Py < ( [ 1dtPang) * ([ 14t 2i0lng)

2-p 2
< (1913u0a - 1967156) = (1of1120)"

4 Proofs

o_
= llgliznion - I Jaf Il
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Jg bounded in HP implies g in BMOA

Case0<p<?2

Hardy spaces
integration
operators

Jordi Pau

e p/2
[Py < ( [ 1dtPang) * ([ 14t 2i0lng)

2-p 2
< (1913u0a - 1967156) = (1of1120)"

4 Proofs
2—
= l19llznion - 1o l17

Taking the supremum over all f € HP with ||f||pe =1,

2 2—
191Bmoa < Cllgllznon  I1a]1°-
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Thecase0<g<p<

Hardy spaces
integration
operators

Letg € H(B,) and 0 < g < p < co. Then Jy : HP(B,) — HI(B)) is
bounded if and only if g € H"(B,) with r = pq/(p — q). Moreover,

Jordi Pau

[ Joll o~ ha = (|G -

Sufficiency:

q/2
g% = /S ( / | IP1RGP(1 - |z|2>‘"dv(z)) do(¢)

q/2
*( (G 2(4 _ |52\1—n o
</Sn|f ()] (/F(OIHQI (1-1z[) dV(Z)> do(C)

<119, - 1A% .,
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4 Proofs

Luecking’s theorem

Theorem

Let 0 < s < p < oo and let i be a positive Borel measure on B,
Then the identity Iy : HP — L°(u) is bounded, if and only if, the
function defined on S, by

7(0) = / ICRERRETC

belongs to LP/(P=9)(S,,). Moreover, one has

~n1
all sty = 172 14 op-os,

An immediate consequence of that and the area theorem is
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Case 0 < g < p < o0o: necessity

The case r > 2

Hardy spaces
integration Corol Iary
operators

o Py Let0 < s< p<ooandg e H(B,). Then

/B 1(2)*dg(2) < ClIfllE

2/s

if and only if g € H#"s. Moreover, Mol Ho—s L5 (ug) < ||g||H27p
p—s

4 Proofs
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Case 0 < g < p < o0o: necessity

The case r > 2

Hardy spaces
integration Corol Iary
operators

o Py Let0 < s< p<ooandg e H(B,). Then

/B 1(2)*dg(2) < ClIfllE

2/s

2p
Hp—s

if and only if g € H#"s. Moreover, Ml He—s Ls(g) < IOl

4 Proofs

Take s with r = 2p/(p — s), that is,

s=p-2(p—Qq)/q.
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Case 0 < g < p < o0o: necessity

The case r > 2

Hardy spaces
integration Corol Iary
operators

o Py Let0 < s< p<ooandg e H(B,). Then

/B 1(2)*dg(2) < ClIfllE

if and only if g € H#"s. Moreover, Mol Ho—s L5 (ug) < ||g||2/s :

4 Proofs

Take s with r = 2p/(p — s), that is,

s=p-2(p—q)/q.
fO0<g<2then0<s<2and

2—s s
s@ 2 B 2
[ ifidng < ([ 1615 o) ™ ( [ otieE g
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Case 0 < g < p < oo: necessity for r > 2
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2—s s
s2—q) 2 _ 2
[ fidng < ([ 16175 o) ™ ( [ ofi* g )
B, B, B,

4 Proofs
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Case 0 < g < p < oo: necessity for r > 2

Hardy spaces
integration
operators

Jordi Pau

2—s s
s2—q) 2 _ 2
[ fidng < ([ 16175 o) ™ ( [ ofi* g )
B, B, B,

s(22:sq) 2 %
< (||Jgf||Hq - ||g||Hr>

4 Proofs
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Case 0 < g < p < oo: necessity for r > 2
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2—s s
2—q) = B 3
NETE ( s dug> ( [ 14t 2f|2dug>
B, Bn Bn

2—s
s(2—q) 2
=5 /2
< (||Jgf||Hq - ||g||i,,> (1 f1%)°

4 Proofs
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Case 0 < g < p < oo: necessity for r > 2
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2—s
s(2 2 _ 2
[ fidng < ([ 16175 o) ™ ( [ ofi* g )
B, B, B,

2—s
32— = o
(||Jgf|| - ||g||i,,> - (1af1%)*

* | JofllFsa

4 Proofs

= llgll&
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Case 0 < g < p < oo: necessity for r > 2
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2—s s
o2 = B 3
[ fidng < ([ 16175 o) ™ ( [ ofi* g )
B, B, B,

2—s
32— = o
(||Jgf|| - ||g||i,,> - (1af1%)*

= lglE® - o fliEe

4 Proofs

Taking the supremum over all f € HP with ||f||pe = 1,

o_
lglize < Cligltr® - 1l - e
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Necessity for r < 2

Hard!
mearion | Corollary

operators

Jordi Pau Let0 < s<p<ocoandge H(B,). Then

f(2)1°dug(2) < CIIf[I3

By

if and only if g € H#ts, Moreover, || ly||Hp—s15(q) < ||g||2/;°;&.
p—s

4 Proofs
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Necessity for r < 2

Hard!
mearion | Corollary

operators

Jordi Pau Let0 < s<p<ocoandge H(B,). Then

f(2)1°dug(2) < CIIf[I3

By

if and only if g € H#%s. Moreover, || ly||Hp—s15(q) < ||g||2/;°;&.
p—s

4 Proofs

Assume that g has no zeros. Then

geH & gleH/!
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Necessity for r < 2

Hard!
mearion | Corollary

operators

Jordi Pau Let0 < s<p<ocoandge H(B,). Then

f(2)1°dug(2) < CIIf[I3

By

if and only if g € H#%s. Moreover, || ly||Hp—s15(q) < ||g||2/;°;&.
p—s

4 Proofs

Assume that g has no zeros. Then
geH & gleH/!

Take t > 0 so that r/t > 2 and let s with r/t = 2p/(p — s). Then

geH & / 171° 1912 2djig < Cf1l5
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Necessity for r < 2

Hardy spaces
integration

operators Theorem
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Let0 < s<p<ocoandge H(B,). Then

/E 1(2)*lg(2)I* 2 dpg(2) < CllflI5

if and only if g € Hr>s.

4 Proofs

Moreover, if [ig is the measure defined by

dfig(2) = |9(2)[** 2 dpg(2),

then
2t/s

Mol o= s(zg) =< N91° 20
HP—s

Jordi Pau (Universitat de Barcelona) Hardy spaces integration operators

May 2013




Hardy spaces
integration
operators
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4 Proofs

General Area function description of Hardy
spaces

Let g € H(B,) and 0 < p, t < oo. Then g € HP! if and only if

p/2

/S ( /(C)|g(z)|2f2|Rg(z)|2<1—|z|2)‘"dv(z)) do(¢) < oo.
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