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Outline of the talk

@ Toeplitz operators on classical Dirichlet spaces;

@ Toeplitz operators on weighted Dirichlet spaces (more general setting).
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Notation

o Let H be a separable Hilbert space and T : H — H bounded, let A, for any
non-negative integer n, the n:th singular value of T.
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Notation

o Let H be a separable Hilbert space and T : H — H bounded, let A, for any
non-negative integer n, the n:th singular value of T.

@ For 0 < p < oo, the Schatten p-class

oo 1/p
Sp(H) =4 T [{An}2ollee = (ZI/\nI") < oo.
n=0
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Notation

e D={zeC:|z| <1}.
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Notation

e D={zeC:|z| <1}.

o H(D) ={g:g analyticin D}.
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Notation

e D={zeC:|z| <1}.
o H(D) ={g:g analyticin D}.

@ For a € R the Hilbert space H, consists of those f(z) =Y a,z" € H(D)
such that

> (n+1)%ans|* < oo
n=0
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Notation

e D={zeC:|z| <1}.
o H(D) ={g:g analyticin D}.

@ For a € R the Hilbert space H, consists of those f(z) =Y a,z" € H(D)

such that -
Z(n +1)Yans1]? < 0.
n=0
={f e H(D fD |f'(z — \z|2)1_“dA(z) <00} =Diog, <2,
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Notation

D={zeC:|z| <1}
H(D) ={g:g analytic in D}.

@ For a € R the Hilbert space H, consists of those f(z) =Y a,z" € H(D)

such that -
Z(n +1)Yans1]? < 0.
n=0
={f e H(D fD |f'(z — \z|2)1_“dA(z) <00} =Diog, <2,

e If 1 < a, H, only contains bounded functions.
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Notation

D={zeC:|z| <1}
H(D) ={g:g analytic in D}.

@ For a € R the Hilbert space H, consists of those f(z) =Y a,z" € H(D)

such that -
Z(n +1)Yans1]? < 0.
n=0
={f e H(D fD |f'(z — \z|2)1_“dA(z) <00} =Diog, <2,

e If 1 < a, H, only contains bounded functions.

H; = D, the classical Dirichlet space
e If0<a<1, H, =D;_,, weighted Dirichlet spaces

Hy is the Hardy space H?,

José Al1ge| Peldez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Notation

D={zeC:|z| <1}
H(D) ={g:g analytic in D}.

@ For a € R the Hilbert space H, consists of those f(z) =Y a,z" € H(D)

such that -
Z(n +1)Yans1]? < 0.
n=0
={f e H(D fD |f'(z — \z|2)1_“dA(z) <00} =Diog, <2,

e If 1 < a, H, only contains bounded functions.

@ Hy = D, the classical Dirichlet space

e If0<a<1, H, =D;_,, weighted Dirichlet spaces
@ Hy is the Hardy space H?,

o If a <0, Hy, =A%, __ (Bergman space)
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The classical setting
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The classical setting

o If {e,} is an 0. b. of H,, space of analytic functions in D with rep. kernel K2,
then

Ke(Q) = enlQ)en(2), 2 ¢eD.

n
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The classical setting

o If {e,} is an 0. b. of H,, space of analytic functions in D with rep. kernel K2,
then

Ke(Q) = enlQ)en(2), 2 ¢eD.

n

@ Given a positive Borel measure i on DD, the Toeplitz operator

Quf(2) = / F(O) K (0) du(©).
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The classical setting

o If {e,} is an 0. b. of H,, space of analytic functions in D with rep. kernel K2,

then
Ke(Q) = enlQ)en(2), 2 ¢eD.

n

@ Given a positive Borel measure i on DD, the Toeplitz operator

Quf(2) = / F(O) K (0) du(©).

@ Toeplitz are a key for the study (among others) of integral and composition
operators.
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The classical setting

o If {e,} is an 0. b. of H,, space of analytic functions in D with rep. kernel K2,

then
Ke(Q) = enlQ)en(2), 2 ¢eD.

n

@ Given a positive Borel measure i on DD, the Toeplitz operator

Quf(2) = / F(O) K (0) du(©).

@ Toeplitz are a key for the study (among others) of integral and composition
operators.

o Q.= I3lg, Iy : Hy — L[?(u) the identity operator.
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The classical setting

o If {e,} is an 0. b. of H,, space of analytic functions in D with rep. kernel K2,
then

Ke(Q) = enlQ)en(2), 2 ¢eD.

n

@ Given a positive Borel measure i on DD, the Toeplitz operator

Quf(2) = / F(O) K (0) du(©).

@ Toeplitz are a key for the study (among others) of integral and composition
operators.

o Q.= I3lg, Iy : Hy — L[?(u) the identity operator.

Problem
Which are those positive Borel measures such that Q, € Sp(Ha)?
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The classical setting
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The classical setting

Luecking's contribution
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The classical setting

Luecking's contribution

A decomposition of D

Let T denote the family of all dyadic arcs of T,

_ 2mk or(k + 1
/:m*:{g$;§9<7ﬂ£%)}

where k =0,1,2,...,2" —1 and n € NU{0}. For each | C T, set

z /] |/
R()={zeD: el 1- L <r<1-LL
() {ZE €h TS S T,

2]

Then {R(/): I € T} consists of pairwise disjoint sets whose union covers ID. For
li € T\ {lho} we will write z; for the unique point in D such that
zj = (1 —|l;|/2m)a;, where aj € T is the midpoint of /;
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The classical setting

José Angel Peldez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



The classical setting

Theorem. (Luecking 1987)
Let 0 < p < o0 and —oo < a < 1 such that pa < 1, let i be a positive Borel

measure on . If

Z( u(Rj)l_a)> . o

RieT (1- |Zj|)(
then Q. € Sp(H.), and there exists a constant C > 0 such that
R P
<€ 2 ((1 —7()2)> |
RieT 9

Conversely, if 11 is a positive Borel measure on D and Q,, € Sy(H,), then (1) is
satisfied.
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The classical setting

What about the case pa > 17
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The classical setting

What about the case pa > 17

@ The hypotheses pa < 1 is strongly used.
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Integral operators

Integral operators
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Integral operators

Integral operators

Tl / F(O)g(¢)d¢, zeD,

Some background

José Al1ge| Peldez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Integral operators

Integral operators

/f 0)d¢, zeD,

Some background
@ Calderén (60's)

(F,G) — i/ooo F(x +iy)G'(x +iy) dy
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Integral operators

Integral operators

/f 0)d¢, zeD,

Some background
@ Calderén (60's)

(F,G) — i/ooo F(x +iy)G'(x +iy) dy

e Pommerenke (70's). T, : H?> — H? is bounded if and only if g € BMOA.
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Integral operators

Integral operators

/f 0)d¢, zeD,

Some background
@ Calderén (60's)

(F,G) — i/ooo F(x +iy)G'(x +iy) dy

e Pommerenke (70's). T, : H?> — H? is bounded if and only if g € BMOA.
o Coifman and Meyer (1978).
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Integral operators

Integral operators

/f 0)d¢, zeD,

Some background
Calderdn (60's)

(F,G) — i/ooo F(x +iy)G'(x +iy) dy

Pommerenke (70's). T, : H> — H? is bounded if and only if g € BMOA.
Coifman and Meyer (1978).
Aleman and (several authors) have obtained deeper results on T,.
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Integral operators
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Integral operators

e Foreach a <2and g € H(D), T} Ty = Q,,, where 1 = |g'(2)[*(1— |z[*) .
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Integral operators

e Foreach a <2and g € H(D), T} Ty = Q,,, where 1 = |g'(2)[*(1— |z[*) .

o Ty € Sp(Ha) & Qu, € Spj2(Ha)
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Integral operators

@ Foreach a <2and g € H(D), T; T, = Q,,, where pg = lg'(2)P(1—|z[*)'~
o Ty € 5,(Ha) & ng € Sy/2(Ha)
o B,={g € H(D): [,lg'(2)P(L—|2])" 2 dA(z) < o0}, 1 < p < ox.
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Integral operators

@ Foreach a <2and g € H(D), T; T, = Q,,, where pg = lg'(2)P(1—|z[*)
o Ty € 5,(Ha) & ng € Sy/2(Ha)
o B,— (g e H(D): [, lg'(2)P(L— 2P dA(z) < oo}, 1< p < ox.

Let g € H(ID). We have the following:

(a) Let 1 < pand —oo < a < 1 with pa < 2. Then T, € Sp,(H.) if and only if g belongs
to B,.

b) f0<p<1and —co < a<1,then T, € S,(H,) if and only if g is constant.
( P g p ymg
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Integral operators

@ Foreach a <2and g € H(D), T; T, = Q,,, where pg = lg'(2)P(1—|z[*)
o Ty € 5,(Ha) & ng € Sy/2(Ha)
o B,— (g e H(D): [, lg'(2)P(L— 2P dA(z) < oo}, 1< p < ox.

Let g € H(ID). We have the following:

(a) Let 1 < pand —oo < a < 1 with pa < 2. Then T, € Sp,(H.) if and only if g belongs
to B,.

b) f0<p<1and —co < a<1,then T, € S,(H,) if and only if g is constant.
( P g p ymg

o If po >2, B, ¢ H,
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Integral operators

@ Foreach a <2and g € H(D), T; T, = Q,,, where pg = lg'(2)P(1—|z[*)
o Ty € 5,(Ha) & ng € Sy/2(Ha)
o B,— (g e H(D): [, lg'(2)P(L— 2P dA(z) < oo}, 1< p < ox.

Let g € H(ID). We have the following:

(a) Let 1 < pand —oo < a < 1 with pa < 2. Then T, € Sp,(H.) if and only if g belongs
to B,.

b) f0<p<1and —co < a<1,then T, € S,(H,) if and only if g is constant.
( P g p ymg

o If po >2, B, ¢ H,

o Luecking's theorem does not remain for pas > 11111
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Extension of Luecking's result to pax < 4.

Some positive result on the range 0 < o < 1 and pa > 17
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Extension of Luecking's result to pax < 4.

Some positive result on the range 0 < o < 1 and pa > 17

1O = 2K = Y eV 52

n

José Al1ge| Peldez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Extension of Luecking's result to pax < 4.

Some positive result on the range 0 < o < 1 and pa > 17

5O = 50 = T el
° A (S)
AGES ||JzHH‘

Proposition

Let T : H, — H be a compact operator, where H is any separable Hilbert space.
(i) Forp>2,
St 28 < T
(ii) For 0 < p < 2,

dA(z
T < ITIP + (2= o) [ 17215 T2
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Extension of Luecking's result to pax < 4.

Proposition. Pau-P (2012)

Let 0 < @ <1 and g € H(D), then
(i) If p> 2 then

()2 (1 — |2z[2)1— p p/2
/D((l_ |W‘2)1—a : |g( )| (1 | | ) dA( )) (1_ |W|2)p—2 dA(W)

11— wz[t—20
<75
(ii) For 0 < p < 2,

ITel, < 1@+
ipyiea [ E@EA 2R dAD N s
[ (@ wpye [ EEEL ) WPy daw)

_ WZ|4_2a
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Extension of Luecking's result to pa
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)

/D< ~ WY / e \1 - v|vzz||4)12: e ))p/(zl — |w|?)P72 dA(w) < oo.
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)

[ (= e [ I 0= )”C’AU)”%W|z)psz(W)<oo,

\1 — wz[4—2

Proposition. Pau-P (2012)
Let 1 < p<ooand a <1. Then
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)

[ (= e [ I 0= )”C’AU)”%W|z)psz(W)<oo,

\1 — wz[4—2

Proposition. Pau-P (2012)
Let 1 < p<ooand a <1. Then
Q@ Y2 CH.,NB,.
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)

[ (= e [ I 0= )”C’AU)”%W|z)psz(W)<oo,

\1 — wz[4—2

Proposition. Pau-P (2012)

Let 1 < p<ooand a <1. Then
Q@ Y2 CH.,NB,.
@ If p<gq, then Y2 C YJ.
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)

[ (= e [ I 0= )”C’AU)”%W|z)psz(W)<oo,

\1 — wz[4—2

Proposition. Pau-P (2012)

Let 1 < p<ooand a <1. Then
Q@ Y2 CH.,NB,.
@ If p<gq, then Y2 C YJ.
Q@ Ify<a<l, then YP C YWP.
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)
/2
g'(2)” (1 = |2[)'~ dA(2) \” 2yp—2
1- P72 dA .
[ (= twpye [ AL (1 (W) dA(w) < oc

Proposition. Pau-P (2012)

Let 1 < p<ooand a <1. Then

Q@ Y2 CH.,NB,.

@ If p<gq, then Y2 C YJ.

Q@ Ify<a<l, then YP C YWP.

Q Let a <1 and pa <2 then Y2 = B,.
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Extension of Luecking's result to pax < 4.

YP is the spaces of those g € H(D)
/2
g'(2)” (1 = |2[)'~ dA(2) \” 2yp—2
1- P72 dA .
[ (= twpye [ AL (1 (W) dA(w) < oc

Proposition. Pau-P (2012)

Let 1 < p<ooand a <1. Then

Q@ Y2 CH.,NB,.

@ If p<gq, then Y2 C YJ.

Q@ Ify<a<l, then YP C YWP.

Q Let a <1 and pa <2 then Y2 = B,.

@ The previous assertion is not longer true for pa > 2.
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Extension of Luecking's result to pax < 4.

Theorem. Pau-P (2012)

Let0<a <1, ge HD)and p>1with pa < 4. Then Tz € S55(H,) if and only if
g belongs to Y£.
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Extension of Luecking's result to pax < 4.

Theorem. Pau-P (2012)

Let0<a <1, ge HD)and p>1with pa < 4. Then Tz € S55(H,) if and only if
g belongs to Y£.

@ The proof is rather technical.
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Extension of Luecking's result to pax < 4.

Theorem. Pau-P (2012)

Let0<a <1, ge HD)and p>1with pa < 4. Then Tz € S55(H,) if and only if
g belongs to Y£.

@ The proof is rather technical.

o Further results on several operators.
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Extension of Luecking's result to pa
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Extension of Luecking's result to pax < 4.

Theorem. Pau-P (2012)

Let 1 be a finite positive Borel measure on D, a < 1, and let p > 0 with
1< p(3— ) and pa < 2. Then the Toeplitz operator Q, belongs to S,(H,) if and

only if
2\2p—2
/D( 1—|w?)?! /|1 w2 2a>(1_|W| )P 2dA(w) < 0.
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A general setting

A general setting
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A general setting

A general setting

o w:D — (0,00), integrable over D, is called a weight. It is radial if
w(z) = w(|z]) for all z € D.
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A general setting

A general setting

o w:D — (0,00), integrable over D, is called a weight. It is radial if
w(z) = w(|z]) for all z € D.

@ The weighted Bergman space A2 consists of those f € H(ID) for which

Il = [ IF2)Ful) dA(2) < o
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A general setting

A general setting

o w:D — (0,00), integrable over D, is called a weight. It is radial if
w(z) = w(|z]) for all z € D.

@ The weighted Bergman space A2 consists of those f € H(ID) for which
113 = [ IF(@)Pw(z) dAG2) < oc
¢ D
@ For each radial weight w,

W (2) :/Il so(s) <|og ;) ds, zeD)\ {0}

Z|
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A general setting

A general setting

o w:D — (0,00), integrable over D, is called a weight. It is radial if
w(z) = w(|z]) for all z € D.

@ The weighted Bergman space A2 consists of those f € H(ID) for which
113 = [ IF(@)Pw(z) dAG2) < oc
¢ D

@ For each radial weight w,

W (2) :/Il so(s) <|og ;) ds, zeD)\ {0}

z|
@ L-P formula for radial weights,

1117, = 4ll'II% , +w@)IF0)P.
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A general setting

A radial continuous weight w is called rapidly increasing, w € Z, if

lim L(r) = 00.
r—1- w(r)(1 —r)?

A radial continuous weight w is called regular, w € R, if

G0 < o<r<1

—w(n-r)
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A general settin
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A general setting

H? C A2 C N> 1A%, weT.
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A general setting

H? C A2 C N> 1A%, weT.

e The “transition” phenomena from A2 to H? does appear in the context of A2,
wel.
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A general setting

H? C A2 C N> 1A%, weT.

e The “transition” phenomena from A2 to H? does appear in the context of A2,
wel.

@ Challenge: Understanding the “transition” phenomena from A2 to H?
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A general setting

H? C A2 C N> 1A%, weT.

e The “transition” phenomena from A2 to H? does appear in the context of A2,
wel.

@ Challenge: Understanding the “transition” phenomena from A2 to H?

Problem

Which are those analytic functions g € H(DD) such that T, € S,(A2)?
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A general settin
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A general setting

e Fora € Rand w € ZUR, H,(w*) consists of those f(z) =, a,z" such
that

oo

> (04 1) 2w anal? < oo,
n=0
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A general setting

e Fora € Rand w € ZUR, H,(w*) consists of those f(z) =, a,z" such
that

oo

> (04 1) 2w anal? < oo,
n=0

1
w;:/ P2 o* (r) dr.
0
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A general setting

e Fora € Rand w € ZUR, H,(w*) consists of those f(z) =, a,z" such
that

oo

> (04 1) 2w anal? < oo,
n=0

1
wy, :/ P2 o* (r) dr.
0
olf —-co<a<2andweIUR,

Ho(w*) = {fe?—[ /|f’ 1 |z]) (z)dA(z)<oo}.
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A general setting

e Fora € Rand w € ZUR, H,(w*) consists of those f(z) =, a,z" such
that

oo

> (04 1) 2w anal? < oo,
n=0

1
w;:/ P2 o* (r) dr.
0

olf —-co<a<2andweIUR,
Ho(w*) = {fE’H /|f’ (1—z]*)~ (z)dA(z)<oo}.

o Ho(w*) = A2 (L-P formula).
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A general setting

e Fora € Rand w € ZUR, H,(w*) consists of those f(z) =, a,z" such
that

oo

> (04 1) 2w anal? < oo,
n=0

1
wy, :/ P2 o* (r) dr.
0
olf —-co<a<2andweIUR,

Ho(w*) = {fe?—[ /|f’ 1 |z]) (z)dA(z)<oo}.

Ho(w*) = A2 (L-P formula).
@ There exist reproducing kernels K5 € H,(w*) with f(a) = (f, K3) 1, (w*)-
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A general setting

o Toeplitz operator Q,,(f = [, f(2)K*(w,2) du(z), € Ha(w*),
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A general setting

o Toeplitz operator Q,,(f = [, f(2)K*(w,2) du(z), € Ha(w*),

Problem
Which are those positive Borel measures such that Q, € Sp(Ha(w*))?
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A general setting

P-Rattyd. (2011-2013)

Let 0 < p < o0 and —oo < a < 1 such that pa < 1. Let w € ZUR, and let u be a
positive Borel measure on D. If

> (Tmiem) <= .

RieT

then Q, € Sp(Ha(w*)), and there exists a constant C > 0 such that

W”SCZ(1|4f)@JE

R,eT

Conversely, if 1 is a positive Borel measure on D and Q,, € Sp(Ha(w*)), then (2) is
satisfied.
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A general setting

)
let0<p<oo,w€e€ZUR, —0<a<1land N €N such that
(1—|z|)M—2=% (w*(2))*? is a regular weight. Then

L= @ - ey @ @)f da@) = (- la) ()
for all a € D.
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A general setting

)
let0<p<oo,w€e€ZUR, —0<a<1land N €N such that
(1—|z|)M—2=% (w*(2))*? is a regular weight. Then

L= @ - ey @ @)f da@) = (- la) ()
for all a € D.

o Decompostion norm: An /P-type norm of the HP-Hardy norms of blocks of
the Taylor series of f, whose size depend on the weight w.
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A general setting

)
let0<p<oo,w€e€ZUR, —0<a<1land N €N such that
(1—|z|)M—2=% (w*(2))*? is a regular weight. Then

L= @ - ey @ @)f da@) = (- la) ()
for all a € D.

o Decompostion norm: An /P-type norm of the HP-Hardy norms of blocks of
the Taylor series of f, whose size depend on the weight w.

@ Smooth polynomials (Ceséro-type). Hadamard products.
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A general setting

Key tools
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A general setting

Key tools

@ Properties of w € Z, moments,. ..
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A general setting

Key tools
@ Properties of w € Z, moments,. ..

o lf —co<a<landw € ZUTR, then

- 3 1 _(@—a)
IK; HHQ(w*) =~ (1 — |a])—*w*(a) - w(S((a))’
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