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Let H be a separable Hilbert space and T : H → H bounded, let λn for any
non-negative integer n, the n:th singular value of T .

For 0 < p <∞, the Schatten p-class

Sp(H) =

T : ‖{λn}∞n=0‖`p =
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|λn|p
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<∞.
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José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

D = {z ∈ C : |z | < 1}.

H
(
D
)

= {g : g analytic in D}.

For α ∈ R the Hilbert space Hα consists of those f (z) =
∑∞

n=0 anz
n ∈ H(D)

such that
∞∑
n=0

(n + 1)α|an+1|2 <∞.

Hα = {f ∈ H(D) :
∫
D |f
′(z)|2(1− |z |2)1−αdA(z) <∞} = D1−α, α < 2,

If 1 < α, Hα only contains bounded functions.

H1 = D, the classical Dirichlet space

If 0 < α < 1, Hα = D1−α, weighted Dirichlet spaces

H0 is the Hardy space H2,

If α < 0, Hα = A2
−1−α (Bergman space)

José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

D = {z ∈ C : |z | < 1}.

H
(
D
)

= {g : g analytic in D}.

For α ∈ R the Hilbert space Hα consists of those f (z) =
∑∞

n=0 anz
n ∈ H(D)

such that
∞∑
n=0

(n + 1)α|an+1|2 <∞.

Hα = {f ∈ H(D) :
∫
D |f
′(z)|2(1− |z |2)1−αdA(z) <∞} = D1−α, α < 2,

If 1 < α, Hα only contains bounded functions.

H1 = D, the classical Dirichlet space

If 0 < α < 1, Hα = D1−α, weighted Dirichlet spaces

H0 is the Hardy space H2,

If α < 0, Hα = A2
−1−α (Bergman space)
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José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

If {en} is an o. b. of Hα, space of analytic functions in D with rep. kernel Kα
z ,

then
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z (ζ) =
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n

en(ζ) en(z), z , ζ ∈ D.

Given a positive Borel measure µ on D, the Toeplitz operator

Qµf (z) =

∫
D
f (ζ)Kα

z (ζ) dµ(ζ).

Toeplitz are a key for the study (among others) of integral and composition
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Qµ = I ?d Id , Id : Hα → L2(µ) the identity operator.
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Which are those positive Borel measures such that Qµ ∈ Sp(Hα)?
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Luecking’s contribution

A decomposition of D
Let Υ denote the family of all dyadic arcs of T,

I = In,k =

{
e iθ :

2πk

2n
≤ θ < 2π(k + 1)

2n

}
,

where k = 0, 1, 2, . . . , 2n − 1 and n ∈ N ∪ {0}. For each I ⊂ T, set

R(I ) =

{
z ∈ D :

z

|z |
∈ I , 1− |I |

2π
≤ r < 1− |I |

4π

}
.

Then {R(I ) : I ∈ Υ} consists of pairwise disjoint sets whose union covers D. For
Ij ∈ Υ \ {I0,0}, we will write zj for the unique point in D such that
zj = (1− |Ij |/2π)aj , where aj ∈ T is the midpoint of Ij
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Theorem. (Luecking 1987)

Let 0 < p <∞ and −∞ < α < 1 such that pα < 1, let µ be a positive Borel
measure on D. If ∑

Rj∈Υ

(
µ(Rj)

(1− |zj |)(1−α)

)p

<∞, (1)

then Qµ ∈ Sp(Hα), and there exists a constant C > 0 such that

|Qµ|pp ≤ C
∑
Rj∈Υ

(
µ(Rj)

(1− |zj |)(1−α)

)p

.

Conversely, if µ is a positive Borel measure on D and Qµ ∈ Sp(Hα), then (1) is
satisfied.
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Integral operators

Tg (f )(z) =

∫ z

0

f (ζ) g ′(ζ) dζ, z ∈ D,

Some background

Calderón (60’s)

(F ,G ) 7→ i

∫ ∞
0

F (x + iy)G ′(x + iy) dy

Pommerenke (70’s). Tg : H2 → H2 is bounded if and only if g ∈ BMOA.
Coifman and Meyer (1978).
Aleman and (several authors) have obtained deeper results on Tg .
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Pommerenke (70’s). Tg : H2 → H2 is bounded if and only if g ∈ BMOA.
Coifman and Meyer (1978).
Aleman and (several authors) have obtained deeper results on Tg .
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For each α < 2 and g ∈ H(D), T ?
g Tg = Qµg , where µg = |g ′(z)|2(1− |z |2)1−α.

Tg ∈ Sp(Hα)⇔ Qµg ∈ Sp/2(Hα)

Bp = {g ∈ H(D) :
∫
D |g

′(z)|p(1− |z |)p−2 dA(z) <∞}, 1 < p <∞.

Theorem

Let g ∈ H(D). We have the following:

(a) Let 1 < p and −∞ < α < 1 with pα < 2. Then Tg ∈ Sp(Hα) if and only if g belongs
to Bp.

(b) If 0 < p ≤ 1 and −∞ < α < 1, then Tg ∈ Sp(Hα) if and only if g is constant.

If pα ≥ 2, Bp 6⊂ Hα

Luecking’s theorem does not remain for pα ≥ 1!!!!

José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

For each α < 2 and g ∈ H(D), T ?
g Tg = Qµg , where µg = |g ′(z)|2(1− |z |2)1−α.

Tg ∈ Sp(Hα)⇔ Qµg ∈ Sp/2(Hα)

Bp = {g ∈ H(D) :
∫
D |g

′(z)|p(1− |z |)p−2 dA(z) <∞}, 1 < p <∞.

Theorem

Let g ∈ H(D). We have the following:

(a) Let 1 < p and −∞ < α < 1 with pα < 2. Then Tg ∈ Sp(Hα) if and only if g belongs
to Bp.

(b) If 0 < p ≤ 1 and −∞ < α < 1, then Tg ∈ Sp(Hα) if and only if g is constant.

If pα ≥ 2, Bp 6⊂ Hα

Luecking’s theorem does not remain for pα ≥ 1!!!!
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Extension of Luecking’s result to pα < 4.
A general setting

Question

Some positive result on the range 0 < α < 1 and pα ≥ 1?

Jz(ζ) =
∂

∂z̄
Kz(ζ) =

∑
n

en(ζ) e′n(z).

jz(ζ) =
Jz(ζ)

||Jz ||H
.

Proposition

Let T : Hα → H be a compact operator, where H is any separable Hilbert space.

(i) For p ≥ 2, ∫
D
‖Tjαz ‖pH

dA(z)

(1− |z |2)2
≤ 1

2− α‖T‖
p
Sp(Hα).

(ii) For 0 < p ≤ 2,

‖T‖pSp(Hα) ≤ ‖T‖
p + (2− α)

∫
D
‖Tjαz ‖pH

dA(z)

(1− |z |2)2
.
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José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

Question

Some positive result on the range 0 < α < 1 and pα ≥ 1?

Jz(ζ) =
∂

∂z̄
Kz(ζ) =

∑
n

en(ζ) e′n(z).

jz(ζ) =
Jz(ζ)

||Jz ||H
.

Proposition

Let T : Hα → H be a compact operator, where H is any separable Hilbert space.

(i) For p ≥ 2, ∫
D
‖Tjαz ‖pH

dA(z)

(1− |z |2)2
≤ 1

2− α‖T‖
p
Sp(Hα).

(ii) For 0 < p ≤ 2,

‖T‖pSp(Hα) ≤ ‖T‖
p + (2− α)

∫
D
‖Tjαz ‖pH

dA(z)

(1− |z |2)2
.
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Extension of Luecking’s result to pα < 4.
A general setting

Proposition. Pau-P (2012)

Let 0 < α < 1 and g ∈ H(D), then

(i) If p ≥ 2 then∫
D

(
(1− |w |2)1−α

∫
D

|g ′(z)|2 (1− |z |2)1−α dA(z)

|1− w̄z |4−2α

)p/2

(1− |w |2)p−2 dA(w)

. ‖Tg‖pSp .

(ii) For 0 < p ≤ 2,

‖Tg‖pSp . |g(0)|p+∫
D

(
(1− |w |2)1−α

∫
D

|g ′(z)|2 (1− |z |2)1−α dA(z)

|1− w̄z |4−2α

)p/2

(1− |w |2)p−2 dA(w)

José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
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Y p
α is the spaces of those g ∈ H(D)∫

D

(
(1− |w |2)1−α

∫
D

|g ′(z)|2 (1− |z |2)1−α dA(z)

|1− w̄z |4−2α

)p/2

(1− |w |2)p−2 dA(w) <∞.

Proposition. Pau-P (2012)

Let 1 < p <∞ and α ≤ 1. Then

1 Y p
α ⊂ Hα ∩ Bp.

2 If p < q, then Y p
α ⊂ Y q

α .

3 If γ < α ≤ 1, then Y p
α ⊂ Y p

γ .

4 Let α < 1 and pα < 2 then Y p
α = Bp.

5 The previous assertion is not longer true for pα ≥ 2.
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José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

Y p
α is the spaces of those g ∈ H(D)∫

D

(
(1− |w |2)1−α

∫
D

|g ′(z)|2 (1− |z |2)1−α dA(z)

|1− w̄z |4−2α

)p/2

(1− |w |2)p−2 dA(w) <∞.

Proposition. Pau-P (2012)

Let 1 < p <∞ and α ≤ 1. Then

1 Y p
α ⊂ Hα ∩ Bp.

2 If p < q, then Y p
α ⊂ Y q

α .

3 If γ < α ≤ 1, then Y p
α ⊂ Y p

γ .

4 Let α < 1 and pα < 2 then Y p
α = Bp.

5 The previous assertion is not longer true for pα ≥ 2.
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Theorem. Pau-P (2012)

Let 0 < α < 1, g ∈ H(D) and p > 1 with pα < 4. Then Tg ∈ Sp(Hα) if and only if
g belongs to Y p

α .

The proof is rather technical.

Further results on several operators.
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Extension of Luecking’s result to pα < 4.
A general setting

Qµf (z) =

∫
D
f (ζ)Kα

z (ζ) dµ(ζ).

Theorem. Pau-P (2012)

Let µ be a finite positive Borel measure on D, α < 1, and let p > 0 with
1 < p(3− α) and pα < 2. Then the Toeplitz operator Qµ belongs to Sp(Hα) if and
only if ∫

D

(
(1− |w |2)1−α

∫
D

dµ(z)

|1− w̄z |4−2α

)p

(1− |w |2)2p−2dA(w) <∞.
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A general setting

ω : D→ (0,∞), integrable over D, is called a weight. It is radial if
ω(z) = ω(|z |) for all z ∈ D.

The weighted Bergman space A2
ω consists of those f ∈ H(D) for which

‖f ‖2
A2
ω

=

∫
D
|f (z)|2ω(z) dA(z) <∞

For each radial weight ω,

ω?(z) =

∫ 1

|z|
sω(s)

(
log

s

|z |

)
ds, z ∈ D \ {0}.

L-P formula for radial weights,

‖f ‖2
A2
ω

= 4‖f ′‖2
A2
ω?

+ ω(D)|f (0)|2.
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(
log

s

|z |

)
ds, z ∈ D \ {0}.

L-P formula for radial weights,

‖f ‖2
A2
ω

= 4‖f ′‖2
A2
ω?

+ ω(D)|f (0)|2.
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Definition

A radial continuous weight ω is called rapidly increasing, ω ∈ I, if

lim
r→1−

ω?(r)

ω(r)(1− r)2
=∞.

A radial continuous weight ω is called regular, ω ∈ R, if

C1 ≤
ω?(r)

ω(r)(1− r)2
≤ C2, 0 < r < 1.
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2
α, ω ∈ I.
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α to H2 does appear in the context of A2
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Challenge: Understanding the “transition”phenomena from A2
α to H2
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Which are those analytic functions g ∈ H(D) such that Tg ∈ Sp(A2
ω)?
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For α ∈ R and ω ∈ I ∪R, Hα(ω?) consists of those f (z) =
∑∞

n=0 anz
n such

that
∞∑
n=0

(n + 1)α+2ω?n |an+1|2 <∞,

ω?n =

∫ 1

0

r2n+1ω?(r) dr .

If −∞ < α < 2 and ω ∈ I ∪R,

Hα(ω?) =

{
f ∈ H(D) :

∫
D
|f ′(z)|2 (1− |z |2)−αω?(z) dA(z) <∞

}
.

H0(ω?) = A2
ω (L-P formula).

There exist reproducing kernels Kα
a ∈ Hα(ω?) with f (a) = 〈f ,Kα

a 〉Hα(ω?).

José Ángel Peláez Trace ideal criteria for Toeplitz operators on weighted Dirichlet spaces



Outline of the talk
Notation

The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

For α ∈ R and ω ∈ I ∪R, Hα(ω?) consists of those f (z) =
∑∞

n=0 anz
n such

that
∞∑
n=0

(n + 1)α+2ω?n |an+1|2 <∞,

ω?n =

∫ 1

0

r2n+1ω?(r) dr .

If −∞ < α < 2 and ω ∈ I ∪R,

Hα(ω?) =

{
f ∈ H(D) :

∫
D
|f ′(z)|2 (1− |z |2)−αω?(z) dA(z) <∞

}
.

H0(ω?) = A2
ω (L-P formula).

There exist reproducing kernels Kα
a ∈ Hα(ω?) with f (a) = 〈f ,Kα

a 〉Hα(ω?).
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The classical setting
Integral operators

Extension of Luecking’s result to pα < 4.
A general setting

P-Rättyä. (2011-2013)

Let 0 < p <∞ and −∞ < α < 1 such that pα < 1. Let ω ∈ I ∪R, and let µ be a
positive Borel measure on D. If∑

Rj∈Υ

(
µ(Rj)

(1− |zj |)−αω?(zj)

)p

<∞, (2)

then Qµ ∈ Sp(Hα(ω?)), and there exists a constant C > 0 such that

|Qµ|pp ≤ C
∑
Rj∈Υ

(
µ(Rj)

(1− |zj |)−αω?(zj)

)p

.

Conversely, if µ is a positive Borel measure on D and Qµ ∈ Sp(Hα(ω?)), then (2) is
satisfied.
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P-Rättyä. (2013)

Let 0 < p <∞, ω ∈ I ∪R, −∞ < α < 1 and N ∈ N such that

(1− |z |)Np−2− pα
2 (ω?(z))

p
2 is a regular weight. Then∫

D

∣∣∣∣∂NKα(z , a)

∂Nz

∣∣∣∣p (1− |z |)Np−2− pα
2 (ω?(z))

p
2 dA(z) �

(
(1− |a|)−αω?(a)

)− p
2

for all a ∈ D.

Decompostion norm: An lp-type norm of the Hp-Hardy norms of blocks of
the Taylor series of f , whose size depend on the weight ω.

Smooth polynomials (Cesáro-type). Hadamard products.
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Key tools

Properties of ω ∈ I, moments,. . .

If −∞ < α < 1 and ω ∈ I ∪R, then

‖Kα
a ‖2

Hα(ω?) �
1

(1− |a|)−αω?(a)
� (1− |a|)α

ω(S((a))
, |a| ≥ 1

2
.
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