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Classical Hankel forms

A holomorphic symbol g: D — C, g(0) = 0, induces a Hankel form on

H? by

(f,h)g = lim /f 2(2), f.he H?.

r—1- ™
The form induces a corresponding Hankel operator I'g,
(Fgf, ) e = (£, h)g.

Writing 'y ~ (Aj;) as a matrix, Aj depends only on i + j,

e’}
~7 . N A~ n
Aj=0(i+)), 9(2)=> 8(nz", zeD.
n=0
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Classical Hankel forms

Question

Which symbols g induce a bounded Hankel operator g : H? — H??
Equivalently, when is there 0 < C < oo such that

|(f, Mgl < Cl[f|[ 2| ll e,

so that (f, h) — (f, h)g is a bounded Hankel form?
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Classical Hankel forms — boundedness

@ Carleson: A measure 1 on D is a Carleson measure for H? iff
there is C < oo such that

| @) E duz) < Ol 1 He,

i.e. the embedding of H? into L?(1) is bounded.
@ g € BMOAifand only if dug(z) = |¢/(2)[2(1 — |2|?) dA(z) is a

Carleson measure for H?, where dA(z) is area measure on .

Theorem

sup  [(f,h)g|* ~ lIgliEmon ~ SuP /\f(z)g'(z)lz(1 |2[%) dA(2).
[fllz=1~D

[Ifllz=lhll2=1
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Dirichlet spaces

For p > 1 and 8 > —1, the weighted Dirichlet space DP-# consists of
holomorphic functions f: D — C such that

171155 = [F(O)IP + /D F(2)IP(1 — |2[*)7 dA(2) < oo.
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Classical Hankel forms revisited
Recall Littlewood-Paley identity:

1
1l = [£O) + 2 / (2)f10g 7

Therefore H? = D1, ||f||,e ~ [|/f||2,1. We may equip H? with alternative
scalar product

(F. h)21 = £(0)A(0) / F(2)F(Z)(1 - |22) 0A(2).

dA(z).

Theorem (Restated)

sup

Ifll2,1=Ilhll2,1=1 r—1

2
jim /D () (2)F @)1 — |21?) dA(2)

Nufn 1/” 2)P(1 — |2I) dA(2).

v
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Hankel forms on Dirichlet spaces
Question

Is the boundedness of a Hankel form on the Dirichlet space D?#,

0 < B < 1, also equivalent to a corresponding Carleson embedding
condition?

@ Very tough question! Carleson measures for D># characterized in
terms of capacities and difficult to work with.

Theorem (Arcozzi, Rochberg, Sawyer, Wick '10)

2
sup

lIfll2,0=IlAll2,0=1 171

jim /D () (2)9'(2) dA(2)

~ sup [ |f(2)d'(2)P dA(2).
Ifll2,0=1/D

v
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Hankel-type forms on Dirichlet spaces

@ Consider alternative Hankel-type form

(f.h) — lim [ f(2)H(2)g(2)(1 - |z|>)? dA(z), f he D*P,

r—1 D,

in which (fh) = f'h + fH is replaced with f/, taking only one "half"
of the original Hankel form.
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Hankel-type forms on Dirichlet spaces

@ Half-forms considerably easier to analyze!
@ Rochberg and Wu 93 proved

lim [ f(2)H(2)g'(z) dA(z) i

sup
r—1 Dy

Ifll20=lhll2,0=1

~ sup [ [f(2)g(2)? dA(2).

Ifll2,0=1D

@ The two types of Hankel forms therefore are bounded
simultaneously in the D30,

@ For the scalar-valued Hardy space-case it is straightforward to
check that (Bourgain’s lemma)

2

lim [ f(2)H (2)g'(2)(1 - |2]*) dA(2)

sup
r—1 D,

Ifll2,1=IAll2,1=2

~ sup [ [f(2)g'(2)A(1 —|2?) dA(2).

Ifll2,1=1/D
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Hankel-type forms on Dirichlet spaces

@ Let1 < p,g<oo,a>0,and g,y > —1 satisfy the duality
relations 1 + 1 =1 and % + 2 = a, so that

p " q
(DPPY* ~ D% under the D?>“-pairing.
@ Consider boundedness on DP# x D97 of form

(f, h) — lim f(2)H (2)g' (2)(1 — |z|?)* dA(z), f € DPP h e DI,
r— D,

@ Corresponds to a (small) Hankel operator with matrix (A;) with

a—1 ,a+1 ~
2

Aj~ iz e (i4 )70 + ).
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Hankel-type forms on Dirichlet spaces — Scalar case

In Aleman and Perfekt ’12 we show that boundedness is equivalent to
the Carleson embedding condition for general parameters in the
vector-valued case. The scalar version of the result reads

Theorem (Scalar case)

Let1 < p,q <oo,a>0,andf,y > —1satisfy L +1 =1 and
% + g = a, and let g : D — C be a holomorphic function. Then

sup
I£llp,g=I1Allg,=1

im [ f(2)H(2)g @) - |212)* dAz2)

r—1 D,

ey 1</ g@DHAP( - [2F) o (Z)>1/p'
P8~

v
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Main theorem — abridged

Theorem (Aleman and Perfekt *12, abridged version)

For a Hilbert space H and 3 > 0, let g : D — B(H) be a holomorphic
function. Then

sup im / (@ (2)*1(2), HE)n( — |2P)° dA(2)
1l 2,0y 1ll g2, gy <1 171 /D
1/2
2
- ( [ 1g@ @l - 12 )5dA(z>) .
||f||92a




@ When dimH = oo, p = 2 and 3 < 1 there are rank-one
operator-valued holomorphic functions g : D — B(H) such that

1/2
2\8 e
ufnw < (/ lg'(2) (2)]5(1 ~ |2°) dA(Z)) :

but

1/2
(/ng BT — |2P)? d (z)) < o0,
Hf||Dz B(H <1

@ In the Bergman space-case 5 > p — 1, the Carleson embedding
condition simply means that g is in the Bloch space, i.e.

sup (|g'(2)lle (1 — 1217) < oc.
zeD
In this case g’(z)* can be replaced with g'(z).
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