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Set up

e 7 is a Hilbert space of analytic functions on D

p € M4 (D) (finite positive Borel measures on D)

1/2
1l o= ( / IfIQdu)

e 1 is a direct Carleson measure for 52 if

1l S WAy e

e 4 is a reverse Carleson measure for 7 if

1l S Wflls - | €

W. Ross et al () € (b) spaces
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Technical detail

We often want to write

Ifllw S Nflloe and (| flloe S I f]l, for  pe My (D).

We will often consider such problems for f € 7 NEC(D~) so the
integrals are properly defined.

These technical issues usually resolve themselves.

W. Ross et al () EAQE L
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Reproducing kernel thesis

Suppose
K, MeD,

are the reproducing kernels for 7, i.e.,
F) =,k ) oe, AeD, fe .
One can often need only test
1K e S MRS e

or
% 0%
IEX [l S ks e

This is called the reproducing kernel thests.
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Maybe.
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A classical result

Theorem (Carleson (1962))
For ye M (D™) TFAE

(4 ]
/ FPdu < / fPdm, feH?ACD);
(2]
/ ka2 < / kalPdm, A€ D;
(3]
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Generalized like crazy

e Carleson - Hardy space

e Hastings/Oleinik/Luecking - Bergman space

e Wu/Arcozzi/Rochberg/Sawyer - (certain) Dirichlet spaces
e Girela/Palaez - (certain other types of) Dirichlet spaces

@ Chacon - (certain other types of) Dirichlet spaces

e Arcozzi/Rochberg/Sawyer - Besov spaces

@ Spaces on B”

@ Spaces on pseudo-convex domains in C™

o Aleksandrov/Volberg/Treil/Baranov - (@ H?)* spaces

e Baranov/Fricain/Mashreghi - 77 (b) spaces
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Reverse classical result

Theorem (Queffelec et al (2010), Hartmann et al (2013))
For pe My (D™) TFAE
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Reverse classical result

Theorem (Queffelec et al (2010), Hartmann et al (2013))
For pe My (D™) TFAE

(1)
[1sPans 1P, e B2 ne@);
(2]
/wdms/mm, AeD;
(5 )
u(S(I)
If (D) >0

W. Ross et al () EACE L Gargnano 2013
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Other RCE

e Bergman spaces (Luecking 1985)

e Dirichlet-type spaces (Chacon 2010)
o (6H?)*

deBranges

Aleksandrov

Treil

Volberg

Baranov
BFGHR

vV vy VY VY VvYYy

W. Ross et al () € (b) spaces



THE BASICS OF DEBRANGES-ROVNYAK SPACES
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® b(H>) ={g€ H*(D): [l <1}
e For b e b(H*)
1 —b(\)b(2)

ki’\(z) ~ 1— Az

@ For \i,--- A\ €Dy, ,c €C,

> agk}, () > 0.
,J

@ Define
2

Yook = ) ki ()
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€ (b) spaces

° b(H>*) ={g€ H*D): [gllo <1}

e For b e b(H*)

1 —b(\)b(2)
1— Mz

k?I)J\(Z) =
@ For \i,--- A\ €Dy, ,c €C,
> agk}, () > 0.
,J

@ Define
2

Yook = ) ki ()
j=1

b 1<e,5<n

e 7 (b) closure of finite linear combos of kernels.

EAQ R L
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€ (b) facts

° k:’j\ is the reproducing kernel for 77(b), i.e.,

FO) = (f, k), AED, f e ().

e J(b) is contractively contained in H?2.
o When ||b||oo < 1, then J#(b) = H? with an equivalent norm.
o When b is inner, then J#(b) = (bH?)*.
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Non-extreme b

Definition

b € b(H>) is non-extreme if

/log(l — |b))dm > —oo.
T

Proposition

If b € b(H°) is non-extreme, then there is a unique outer a with
a(0) > 0 and such that
of? + b =1

almost everywhere on T.

Proposition
If b € b(H®) is non-extreme then .7°(b) N €(D™) is dense in 7 (b).
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Proposition

If b € b(H) is non-extreme then
Q@ ./ (a) C H(b) contractively.
Q@ #(a) =) <

in]g(|a(z)\ +1[b(2)]) >0 and T,/ is invertible
EAS

€ (b) spaces



A (a)

Definition

Let .# (a) := T,H* = aH?* endwed with the norm [|ag|| () = llgl2-

Proposition

If b € b(H) is non-extreme then
Q@ ./ (a) C H(b) contractively.
Q@ #(a) =) <

in}%(|a(z)\ +1[b(2)]) >0 and T,/ is invertible
EAS

Recall that T, /5 is invertible < la? is a Muckenhoupt weight.
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Maybe.
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Direct embedding in 77 (b)

Proposition (BFGHR (2013))
Suppose b € b(H*) is non-extreme and p € M4 (D7). If

[l S W flls,  f € 22(b) NEDT),

then dv = |a|?du is a Carleson measure for H?.
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Direct embedding in 77 (b)

Proposition (BFGHR (2013))
Suppose b € b(H*) is non-extreme and p € M4 (D7). If

1l S Wflle,  f € 2(0) NEDT),

then dv = |a|?du is a Carleson measure for H?.

Proof.

Ikall2 = llakxll.z@) > llakalls 2 llakall, = 1kl
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Direct embedding in 77 (b)

Theorem (BFGHR (2013))

Suppose b € b(H>) is rational and non-extreme and p € My (D7)

Then TFAE:

@ 1 is a Carleson measure for 7(b);

© dv := |a’du is a Carleson measure for H?,

Proof.
Ingredients of the proof:

e Polynomials are contained (and dense) in .77(b)
o ./ (a) is closed in 7 (b) with finite co-dimension;
o Aleksandrov-Clark measures;

o H(b) =M (a)+ PN_1, N :=dim(H(b)/.H# (a))
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Theorem (BFGHR (2013))

Suppose b € b(H>) and non-extreme such that .# (a) = (b) and
pe M, (D). TFAE:

@ 1 is a Carleson measure for (b);

© dv := |a]’du is a Carleson measure for H?,
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Let
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Direct embedding in 77 (b)
For b € b(H*) and non-extreme and ¢ > 0, let

Qbye) :=={z€D:|b(z)| < e}
Let
o(b) ={¢ € T: lim [b(z)| = O}.

z—(

Theorem (Fricain-Baranov (2010))
If p € My (D7) such that

ps)) : - o
up{ (D) I CT: SN (Q2b,e)U (b))#@}<+

then w is a Carleson measure for 7 (b).
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Reminder: b € b(H*) non-extreme = 57 (b) N C(D~) dense in .7 (b).
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Reverse embedding in J#(b)
Proposition (BFGHR (2013))
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Reverse embedding in J#(b)

Proposition (BFGHR (2013))

Suppose [|kxllp < [|kall, for all A € D. Then b/a € H2.
Proof.

1kll5 = [1Fxll3 + 1T 7%Al13
b
= [[kall3 + ’a()\)wk,\”%

1 b
= m(l + \a(/\)P)

1
__Q/H_AdQMQ)

b |? 1—|A]2
7A ——
—()) < H_AﬂQMQ)

W. Ross et al ()
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More about b/a € H? and its consequences
Recall that [|kxlly < [|kallu, A € D = b/a € H?.
Proposition (Sarason)

If b € b(H*) and non-extreme then TFAE:
Q b/ac H?
@ H> C J(b).

This means that if || f||, < ||f]|, for all f € J£(b), then

/\flzdu

must be defined for all f € H*.
Important consequence

WLOG assume p|r < m
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Let h = dp|r/dm. TFAE:

@ [ 7llo S |Iflly holds for every f € H#(b);

@ [|K|lo < IIKS]l, holds for every A € D.

@ dv := |a|’dyu, satisfies
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Theorem (BFGHR (2013))
Let b € b(H*) be non-extreme and p € My (D™) such that p|r < m.
Let h = dp|r/dm. TFAE:

@ [ 7llo S |Iflly holds for every f € H#(b);

@ [|K|lo < IIKS]l, holds for every A € D.

@ dv := |a|’dyu, satisfies

L)
1 m(I)

> 0;

(4] infCGT |a(<)‘2h(<) > 0.

W. Ross et al ()
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Embedding and Reverse embedding for J#(b)

Question

For 1 € My (D™) when do we have || f|lp < || fll., f € (b)?

Theorem

Let b € b(H*) be non-extreme and let p € My (D7) with pu|T < m and
let dv = |a|?*du. TFAE
O (7l < Ifllyr f € #(b);
@ The following conditions hold:
0 inf{|a(z)| + |b(2)| : z € D} > 0;
0 |a|? is a Muckenhaupt weight;
® v(S(I)) <xm(I) for all open arcs I C T
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Example

Let
a(z) = co(l — 2)°,

where o € (0,1/2) and b be the Pythagorean mate for a. Let

1

€ (b) spaces



Schrodinger
will kill you like

acatinahox.
Maybe.
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Isometric embeddings of 77(b)

Question
For 1 € My (D7), when do we have || f||y=||f||, for all f € J2(b)? J
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[sometric embeddings of 77(b)

Question
For 1 € My (D7), when do we have || f||y=||f||, for all f € J2(b)?

Theorem

For b € b(H*) non-extreme (and non-constant), there are no
isometric measures for £ (b).
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[sometric embeddings of 77(b)

Proposition

With b € b(H>) non-extreme (and non-constant) and b/a € H? we
have

12715 =1+ [b/a(s)*.
§=0
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[sometric embeddings of 77(b)

Proposition

With b € b(H>) non-extreme (and non-constant) and b/a € H? we
have

12715 =1+ [b/a(s)*.
§=0

Proof.

127115 = 112" 13 + 1 Ty722" 13
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Proof there are no isometric measures for J2(b)
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Proof there are no isometric measures for J2(b)
Suppose ||2"]|, = ||z for all n.
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Proof there are no isometric measures for J2(b)
Suppose ||2"||,, = [|z"||s for all n. Then

12712 = u(T) + /D 21> dp(z) = [|2"1l; = 1+ b/a()]?
§=0
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Proof there are no isometric measures for J2(b)
Suppose ||2"||,, = [|z"||s for all n. Then

12715 = w(T) + [ 121*du(z) = 12"l = 1+ Y [b/a(j)?
D =
Now let n — oo to get (via DCT)

WT) =1+ b/a(i).
j=0
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12715 = w(T) + [ 121*du(z) = 12"l = 1+ Y [b/a(j)?
D =
Now let n — oo to get (via DCT)

WT) =1+ b/a(i).
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Proof there are no isometric measures for J2(b)
Suppose ||2"||,, = [|z"||s for all n. Then

12715 = w(T) + [ 121*du(z) = 12"l = 1+ Y [b/a(j)?
D =
Now let n — oo to get (via DCT)

WT) =1+ b/a(i).
j=0

= 3 Pla)P=0

j=n+1

=" p/alj)F =0
j=1
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Proof there are no isometric measures for J2(b)
Suppose ||2"||,, = [|z"||s for all n. Then

12715 = w(T) + [ 121*du(z) = 12"l = 1+ Y [b/a(j)?
D =
Now let n — oo to get (via DCT)

WT) =1+ b/a(i).
j=0

= 3 Pla)P=0

j=n+1
=Y [b/a(i)]> =0
7j=1

=bla=k
1= o] +[b]* = |al*(1 + [k[*)

E AR L



What happens when b is constant?

W. Ross et al () € (b) spaces



What happens when b is constant?

Proposition

If b is constant, then #(b) = H? with the same norm and the only
isometric measure on H? is m.
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (QH?)L if

/ FPdm < / fPdm, | e (OH?) .
T )
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (QH?)L if

/ FPdm < / fPdm, | e (OH?) .
T >

Equivalently, if du = xsdm, then || - ||, < | - [|2 on (O H?)L.
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (QH?)L if

/ FPdm < / fPdm, | e (OH?) .
T >

Equivalently, if du = xsdm, then || - ||, < | - [|2 on (O H?)L.
Theorem (BFGHR (2012))
Every model space (O H?)* admits a dominating set 3. J
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (OH?)* if
[1spam s [ 1fam, 1 e @)
T )
Equivalently, if du = xsdm, then || - ||, < | - [|2 on (O H?)L.

Theorem (BFGHR (2012))

Every model space (O H?)* admits a dominating set 3.

Proposition

If ¥ is dominating for (@ H?)* then
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (OH?)* if
[1spam s [ 1fam, 1 e @)
T )
Equivalently, if du = xsdm, then || - ||, < | - [|2 on (O H?)L.

Theorem (BFGHR (2012))

Every model space (O H?)* admits a dominating set 3.

Proposition
If ¥ is dominating for (@ H?)* then
o d(S, {€:[6/(6)] = +o0}) = 0.
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Dominating sets

A set ¥ C T,m(X) < 1, is dominating for (OH?)* if
[1spam s [ 1fam, 1 e @)
T )
Equivalently, if du = xsdm, then || - ||, < | - [|2 on (O H?)L.

Theorem (BFGHR (2012))

Every model space (O H?)* admits a dominating set 3.

Proposition

If ¥ is dominating for (@ H?)* then
o d(S, {€:[6/(6)] = +o0}) = 0.
e d(X,0(0)) =0.

E AR L
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))

Let © be an inner function,
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))

Let © be an inner function, ¥ be a dominating set for (OH?)*,
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))

Let © be an inner function, ¥ be a dominating set for (OH?)*, and
p € M, (D7) be such that (OH?)*t — L%(u).
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))

Let © be an inner function, ¥ be a dominating set for (OH?)*, and
p € M, (D7) be such that (OH?)* — L?(u). Suppose that

where the infimum is taken over all arcs I C T for which I NY% # @,
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Reverse embeddings via dominating sets

Theorem (BFGHR (2012))

Let © be an inner function, ¥ be a dominating set for (OH?)*, and
p € M, (D7) be such that (OH?)* — L?(u). Suppose that

where the infimum is taken over all arcs I C T for which I NY% # @,
then || - ||, < || - 2 on (OH?)*.
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