Characterization of stability of contractions

Attila Szalai

Bolyai Institute
University of Szeged

Based on a joint work with Laszlé Kérchy.

Hilbert Function Spaces
May 23, 2013, Gargnano

Attila Szalai Bolyai Institute, University of Szeged

Characterization of stability of contractions



Introduction
[ ]
Introduction

‘H complex, separable Hilbert space, dimH = Xg.
L(H) bounded, linear operators on H.
TeL(H), ||T]| <1
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Introduction

‘H complex, separable Hilbert space, dimH = Xg.
L(H) bounded, linear operators on H.
TeL(H), ||T]| <1

o T =TT

e Tyisc.n.u.: AM € LatTq: T{| M is unitary
e T, is unitary
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Introduction

‘H complex, separable Hilbert space, dimH = Xg.
L(H) bounded, linear operators on H.
TeL(H), ||T]| <1

e T=TaT,
e Tyisc.n.u.: AM € LatTq: T{| M is unitary

e T, is unitary
e T is absolutely continuous if T; is a.c.,
i.e. if the spectral measure of T is a.c. with respect to

Lebesgue measure
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L]
Unitary dilation
T € L(H) a.c. contraction

Minimal unitary dilation U € £(G) of T:
() HC G, Vol U™ =G,
(iy T"=PyU"HVneZ,.
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Introduction
L]
Unitary dilation
T € L(H) a.c. contraction

Minimal unitary dilation U € £(G) of T:
() HC G, Vol U™ =G,
(iy T"=PyU"HVneZ,.

U a.c. unitary operator

Aoy L* — L(G),f— f(U) weak-* continuous, contractive,
unital algebra-homomorphism, such that x(U) = U
(where x(¢) = ¢ V¢ € T)
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Hardy space H>®

H> = {fe L ?(—n):foX”du:OVneN}
Hardy space, weak-*-closed subalgebra of L>
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[ ]

Hardy space H>®

H> = {fe L ?(—n):foX”du:OVneN}
Hardy space, weak-*-closed subalgebra of L>

fe H™ — F(z) = Jy 1225 1(0)du(¢) (z € D)

bounded analytic function on D.

F : D — C bounded analytic = f € H*, where
f(¢) =lim,_1_ F(r{)fora.e. ¢ € T.
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Functional calculus

o1 H® — L(H),f+— f(T) := Pyf(U)|H
@ weak-* continuous
@ contractive: ||f(T)|| <||f||co
@ unital algebra-homomorphism
o x(T)=T
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Introduction
[ ]
Functional calculus

o1 H® — L(H),f+— f(T) := Pyf(U)|H
@ weak-* continuous
@ contractive: ||f(T)|| <||f||co
@ unital algebra-homomorphism
o x(T)=T

Uniquely determined:

Sz.-Nagy—Foias functional calculus for T.
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Classes of contractions, stability

Definition
T € Cy, if kerdr # {0} J

Then 3! my € H* inner function, such that ker ot = myH*>.
m7+ minimal function of T.
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Introduction
L 1)

Classes of contractions, stability

Definition
T € Cy, if kerdr # {0} J

Then 3! my € H* inner function, such that ker ot = myH*>.
m7+ minimal function of T.

Example.
¥ € H® inner: [9({)| =1fora.e. (€T

H? = {f el?2:f(-n)=0Vne N} - analytic subspace of L?(u)

H(9) = H? & OH?
S(9) € LH(Y)), S(I)f = Prywy(xf)

8(19) € Cp and Mgy = 9
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Classes of contractions, stability

TeCp :T"—0(SOT), thatis T"x - 0Vx € H

TeCy:T'x /A Oforevery x e H
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oe

Classes of contractions, stability

TeCp :T"—0(SOT), thatis T"x - 0Vx € H

TeCy:T'x /A Oforevery x e H

Dritschel: hp(T) — 0 (SOT) 222 T" — 0 (SOT)
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Contractions
[ le]

Test sequences of stability

Definition

A sequence of bounded analytic functions {h,},~; C H* is a
test sequence of stability for a.c. contractions if for every a.c.
contraction T the condition 7" — 0 (SOT) holds exactly when
hn(T) — 0 (SQOT).
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Contractions
[ le]

Test sequences of stability

Definition

A sequence of bounded analytic functions {h,},~; C H* is a
test sequence of stability for a.c. contractions if for every a.c.
contraction T the condition 7" — 0 (SOT) holds exactly when
hn(T) — 0 (SQOT).

Theorem (2012 Kérchy, Sz.)

A sequence of bounded analytic functions {hn},>; C H* is a
test sequence of stability for a.c. contractions if and only if

(i) limp—oo hn(z) =0 forall z € D,
(i) sup{]|hn||so : N € N} < 00,

(iii) limsup,_ ||xahnll2 > O for every Borel set o C T of
positive measure.
(x« Is the characteristic function of a.)
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Contractions
oe

Test sequences of stability

@ The conditions (i) and (ii) together mean that {h,} ;2
converges to zero in the weak-x* topology.
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Contractions
oe

Test sequences of stability

@ The conditions (i) and (ii) together mean that {h,} ;2
converges to zero in the weak-x* topology.
@ Examples:

@ h, = u", where u is a non-constant inner.
n

o hy = X" — "
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Contractions
oe

Test sequences of stability

@ The conditions (i) and (ii) together mean that {h,} ;2
converges to zero in the weak-x* topology.
@ Examples:

@ h, = u", where u is a non-constant inner.
n

o hy = X" — "

@ T e Cy = IYinner,
HT)=0 = ¥"(T)=0 — 0(SOT) = T € C,.
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Contractions
[ le]

Proof =

Let us consider the unilateral shift of multiplicity one:
Se L (H?), Sf=xf, (x(2) = 2).

S*" — 0(SOT) = h,(S*) — 0 (SQT)

For the Cauchy kernel ky(2) = —:
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Proof =

Let us consider the unilateral shift of multiplicity one:
Se L (H?), Sf=xf, (x(2) = 2).

S*" — 0(SOT) = h,(S*) — 0 (SQT)

For the Cauchy kernel ky(2) = —:

that is (i) holds.
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Contractions
[ le]

Proof =

Let us consider the unilateral shift of multiplicity one:
Se L (H?), Sf=xf, (x(2) = 2).

S*" - 0(SOT) = hp(S*) — 0 (SOT)
For the Cauchy kernel ky(2) = —:
S'ky = My = hn(S)ky = he(Nky = hn(X) — 0 VA €D,
that is (i) holds.

Al = [|1(SY)]] = MASDRAll2
[[Kx ]2

for all A € D. Thus the Banach-Steinhaus theorem shows that
SUp,, [|hnl|oo = sup, [[hn(S™)]| < oo,

= |h(})]
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Contractions
[ le]

Proof =

Let us consider the unilateral shift of multiplicity one:
Se L (H?), Sf=xf, (x(2) = 2).

S*" - 0(SOT) = hp(S*) — 0 (SOT)
For the Cauchy kernel ky(2) = —:
S'ky = My = hn(S)ky = he(Nky = hn(X) — 0 VA €D,
that is (i) holds.

Al = [|1(SY)]] = MASDRAll2
[[Kx ]2

for all A € D. Thus the Banach-Steinhaus theorem shows that
SUp, ||hnllec = sup, ||An(S¥)|| < oo, that is (ii) holds.

= |h(})]
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Contractions
o] ]

Leta ¢ T, m(a) > 0, L?(a) = xoL?(T).
Then M, € £ (L?()), M.g = xg is an a.c. unitary operator,
hence

M" £ 0 (SOT) = hp(Ma) 4 0 (SOT).

Attila Szalai Bolyai Institute, University of Szeged

Characterization of stability of contractions



Contractions
[ le]

Proof <

TeCy = T=S; | M (Rota, Foias).
(S =SS a..).
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Contractions
[ le]

Proof <

TeCy = T=S; | M (Rota, Foias).
(S =SS a..).

@ hp(S*)ky = ha(M)ky — 0 for all X € D by (i),
@ v{k,:\eD}=H?
@ {hp(S*)}52, is bounded by (ii).
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Contractions
[ le]

Proof <

TeCy = T=S; | M (Rota, Foias).
(S =SS a..).

@ hp(S*)ky = ha(M)ky — 0 for all X € D by (i),
@ v{k,:\eD}=H?
@ {hp(S*)}52, is bounded by (ii).
= hn(S*) — 0, hn(S%.) — 0 and hp(T) — 0 (SOT).
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Contractions
oe

Proof <

T ¢ Co. can be written in the form

T HO 7”:1] € L(H) = L(Ho ® Hy)

where Hy # {0}, To € Cp., T1 € Cy.. Therefore

W =787 )

for all h € H>. Assume to the contrary that h,(T) — 0 (SOT).
This implies that h,(T1) — 0 (SOT). This leads to a
contradiction via the concept unitary asymptote.
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Contractions
[ ]
Further results

Proposition

Let {hy};>1 C H*. Then hy(T) — 0 (SOT) for all T € C. if and
only if {hn} 2, satisfies the conditions (i) and (ii).
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Contractions
[ ]
Further results

Proposition

Let {hy};>1 C H*. Then hy(T) — 0 (SOT) for all T € C. if and
only if {hn} 2, satisfies the conditions (i) and (ii).

v

Proposition

Let {hn};>y C H*®. Then h,(T) — 0 (SOT) for every a.c.
contraction T exactly when {h,}7. ; is a bounded sequence and

v
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Polynomially bounded operators
[ ]
Polynomially bounded operators

T € L(H) is polynomially bounded if ||p(T)|| < K7||P]|oo-
@ ¢o7o:P(T) — L(H), p— p(T) is a bounded
algebra-homomorphism which extends continuously to the
disc algebra:

@ dry1:A— L(KH), f— (T).
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Polynomially bounded operators
[ ]
Polynomially bounded operators

T € L(H) is polynomially bounded if ||p(T)|| < K7||P]|oo-

@ ¢o7o:P(T) — L(H), p— p(T) is a bounded
algebra-homomorphism which extends continuously to the
disc algebra:

@ dry1:A— L(KH), f— (T).

Mlak introduced and studied elementary measures of
polynomially bounded operators . If T is a polynomially
bounded operator then uniquely exist

Ha, HS € Hlat 7-7 H = Ha + Hs SUCh that Ta = T‘Ha iS
absolutely continuous and Ts = T|Hs is singular.
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Polynomially bounded operators
[ ]
Polynomially bounded operators

T € L(H) is polynomially bounded if ||p(T)|| < K7||p||co-

@ ¢o7o:P(T) — L(H), p— p(T) is a bounded
algebra-homomorphism which extends continuously to the
disc algebra:

® 71 :A— L(H), fr £(T).

Mlak introduced and studied elementary measures of
polynomially bounded operators . If T is a polynomially
bounded operator then uniquely exist

Ha, HS € Hlat 7-7 H = Ha + Hs SUCh that Ta = T‘Ha iS
absolutely continuous and Ts = T|Hs is singular.

@ T admits an H*>-functional calculus exactly when T is a.c.
polynomially bounded operator.
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Polynomially bounded operators
L]
Characterization

Definition

A sequence of bounded analytic functions {h,},-; C H* is a
test sequence of stability for a.c. polynomially bounded
operators if for every a.c. polynomially bounded operator

T € L(H) the property T" — 0 (SOT) holds exactly when
hn(T) — 0 (SQOT).
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Polynomially bounded operators
L]
Characterization

Definition

A sequence of bounded analytic functions {h,},-; C H* is a
test sequence of stability for a.c. polynomially bounded
operators if for every a.c. polynomially bounded operator

T € L(H) the property T" — 0 (SOT) holds exactly when
hn(T) — 0 (SQOT).

Theorem

A sequence of bounded analytic functions {h,},-, C H* is a
test sequence of stability for a.c. polynomially bounded
operators if and only if {hn}72 ; converges to zero exclusively
onD.
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Polynomially bounded operators
[ le]

Singular polynomially bounded operators

@ T is a singular polynomially bounded operator if and only if
T is similar to a singular unitary operator.

Proposition

Let {hn};>; C A be a bounded sequence. Then h,(T) — 0
(SOT) for every singular polynomially bounded operator T if and
only iflim,_~ hn(¢) = 0 for every ( € T. In that case h,(T) — 0
(SOT) for every polynomially bounded operator T.
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