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The spaces B2(By) is the collection of analytic functions on the
unit ball By in C9 such that for any integer m > 0 and any
0<o0 < oosuchthat m+o > % we have the following norm

being finite:
m! d V(z)
2 )] 2 _ | o[2\ym+o £(m) 2 Gavi\4)
I =3 I+ -tz

One can show that these spaces are independent of m and are
Hilbert spaces, with obvious inner products. The spaces BS(By)
are reproducing kernel Hilbert spaces with kernels given by
k(z) = —=2—2. A minor modification has to be made when

(17X.z)

o = 0, but this introduces a logarithmic reproducing kernel.
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A non-negative measure p supported inside By is called a
B2(Bg)-Carleson measure if

/B F(2)2du(z) < CPI 120w, VF € B2(Ba).
d

This is a function theoretic property and is looking for the measures
u that ensure the continuous embedding of B2(By) C L?(By; 11).
There are geometric ways that one can characterize the

Bg (By4)-Carleson measures. These characterizations are typically
given in terms of the “capacity” associated to the function space
BY(By4) and an interaction between the geometry of certain sets
arising from the reproducing kernel k{(z). Cascante, Ortega,
Tchoundja. However, these characterizations had the restriction of
only working in the range 0 < o < % and when % < 0. Namely,
previous methods were unable to answer the question in the
difficult range of % <o < %. However, using the methods of
non-homogeneous harmonic analysis, we can give a
characterization of the B§(B4) using the Main Theorem in the

form written on the next slides for all values of ¢ at once.
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But first we need the following proposition of Arcozzi, Rochberg,
Sawyer. Their proposition holds in an arbitrary Hilbert space with
a reproducing kernel. Let J be a Hilbert space of functions on a
domain X with reproducing kernel function j. In this context, a
measure y is Carleson exactly if the inclusion map ¢ from J to
L?(X; ;1) is bounded.

Proposition

A measure p is a J-Carleson measure if and only if the linear map

f(z) = T(f)(z) = /X Re jx(z)f(x)dpu(x)

is bounded on L?(X; ).
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In CY, let By denote the open unit ball and consider the kernels

given by Kn(z,w) := Rem Viz| <1,|w| <1.

Theorem (Characterization of Carleson Measures for

Besov—Sobolev Spaces)

Let i be a positive Borel measure in By. Then the following
conditions are equivalent:

(a) pis a B§(Bgy)-Carleson measure;
(b) Tu2o : L2(By; p) — L?(Bg; p) is bounded;
(c) There is a constant C such that

() NI Tu20X@Ql72(g,) < CH(Q) for all A-cubes Q;

(i) u(Ba(x,r)) < Cr?e for all balls Ba(x, r) that intersect
C?\ By.
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Let X be a geometrically doubling metric space. Let A(x, r) be a
positive function, increasing and doubling in r, i.e.

A(x,2r) < CA(x,r), where C does not depend on x and r.
Suppose K(x,y): X x X — R is a Calderon-Zygmund kernel,
associated to a function A, i. e.

. 1 1
Kyl < € min (A(x, ) A, d(x,y)>> ’ 01)

d(x, x")¢
d(x, y)*A(x,d(x, y))’

[K(x.y) = K(X,y)l < C d(x,y) > Cd(x, x'),

(0.2)
/ d(Yvy/)€ /
|K(x,y) = K(x,y)| < C‘Xy,EA(y, d0y)) d(x,y) = Cd(yu(/o)-?')

Let i be a measure on X, such that u(B(x,r)) < CA(x, r), where
C does not depend on x and r.
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We say that T is a Calderon-Zygmund operator with kernel K if
T is bounded [2(1) — L3(1), (0.4)

TF(x) = / K(xy)F(y)duly). Vx & suppp. VF € Co(X). (0.5)

Theorem (non-homogeneous T1)

Then testing T, T* on xq is necessary and sufficient for L>(X, 1)
boundedness of T.

Our case of A(x, r): let all “non-Ahlfors balls”", that is B(x, r)
such that u(B(x, r)) > r™, lie in an open set H C X. Let

A(x, r) := max(dist(x, X \ H), r)™. Then the abovementioned
relation between A and p is satisfied. Equivalently kernel k is the
usual Calderén-Zygmund kernel with parameters (m, ) (that is
d(x,y)™, d(x,y)™"¢ in the corresponding denominators) that
satisfies an extra inequality

1 . 1
k(x, y)l < max(AiSt (o, X\ H), dist(y,X\H) ~ max(d(x),d(y))"
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Metric on the ball.

We introduce the above mentioned (quasi)-metric on the spherical
layer around JBg:

z W
e
Then it is easy to see that for all z,w : |z| <1, |w| < 1, we have

1
< -
Knz )] £ Ay

Az w) = 2]~ w4 12< <2, 1/2< ] <2.

This holds because we know that ‘(1 W)
proved that if A((,w) << A(z,w) then

< A(z ) Tchoundja

A(G, w)'/?
|Km(C, w) = Kin(z, w)| < C Al wymHi2
This estimate then says that the kernel K, is a Calderén—Zygmund
kernel defined on the closed unit ball, but with respect to the quasi
metric A(z, w) with associated Calderén—Zygmund parameter
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Let © be a probability measure with compact support contained in
the spherical layer 1/2 < |z| < 1 and in particular the support is
strictly inside the ball. We can see that this kernel satisfies the
hypotheses of non-homogeneous T1 theorem above when H = By,
but with respect to a certain (non-euclidean) quasi-metric A. It is
clear that d(z) := dista(z,C¢ \ By) = 1 — |z|. Since if z,w € By
we have |1 — z- w|™ > (1 — |z|)™ and a similar statement holding
for w. Therefore,

Kon(2, W) < sty -
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Theorem

Let i be a probability measure supported in
{z€ C?:1/2 < |z| < 1}. Then the following assertions are
equivalent:

(i) w(Ba(x,r)) < Cir™, VBa(x,r): Ba(x,r)NC?\ By # 0;
(ii) For all A-cubes Q we have || T, mXQHLz Xy < Gu(Q).
and

| T s L2(X; ) — L2(X; )| € G < 0.

Here C3 = C(Cl, C2, m), C1 = C(C3), C2 = C(C3).
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Theorem (Complex version)

Let k(z,w) be a Calderén—-Zygmund kernel of order m on

X :={1/2 <|z| <2} c C9 m < 2d with Calderén—-Zygmund
constants Ccz and T, but with respect to the metric A introduced
above. Let p be a probability measure with compact support in

X N By, and suppose that all balls Ba in the metric A such that
w(Ba(x,r)) > r™ lie in an open set H. Let also

1
KIS @@ dwm)

where d(z) := dista(z,C? \ H). Finally, suppose also that a “T1
Condition” holds for the operator T with kernel k and for the
operator T* with kernel k(w, z):

| TumxelZapen < ARQ)s I T mxalage,y < An(Q). (0.6)

Then HT#,mHL2(X;u)—>L2(X2M) S C(A, m,d,T).
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Theorem (Real version)

Let k(x,y) be a Calderén-Zygmund kernel of order m on X C RY,
m < d with Calderén—Zygmund constants Ccz and 7. Let u be a
probability measure with compact support in X and all balls such
that u(B(x, r)) > r™ lie in an open set H. Let also

1

KIS aatom, dm)

where d(x) := dist(x, RY \ H). Finally, suppose also that a “T1
Condition” holds for the operator T, ,, with kernel k and for the
operator T} . with kernel k(y, x):

w,m

Then || Tu7m"L2(Rd;u)~>L2(Rd;u) < C(A, m, d, 7').
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So our goal now is to forget about any specific setting and to give
the proof of non-homogeneous T1 theorem on metric spaces with
operator T being a Calderén—Zygmund operator in the sense of
slides 6 and 7. That is with this A in denominator.

The novelty of this talk is a new proof of non-homogeneous T1
theorem. Even if A(x,r) = r™, d(x,y) = |x — y|, (euclidean metric
space RY and the usual Calderén-Zygmund kernel of order

m < d) this proof is new and “interesting”. But it works without
any change for any metric space and any (A, 1) as on slides 6. 7.
Non-homogeneous T1 theorems were first proved by
Nazarov—Treil-Volberg (NTV) and by Tolsa. These theorems, and
their analogs like various (especially non-accretive) Tb theorems
were widely used during the next decade to answer Denjoy's
question about Analytic capacity/Geometric Measure Theory : this
was done by Mattila, Melnikov, Verdera in “homogeneous” case
and by David, Léger, and by NTV in the general case. Also
questions of Painlevé, Vitushkin and Ahlfors about Analytic
capacity were answered. This was done by Tolsa, he used
non-homogeneous non-accretive Tb theorem of NT-V.
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We are in a position to formulate our main results. Recall when
operator T is called an operator with Calderén—Zygmundkernel of
order m.

Let X be a geometrically doubling metric space.

Let \(x, r) be a positive function, increasing and doubling in r, i.e.
A(x,2r) < CA(x, r), where C does not depend on x and r.

Let K(x,y), A(x, r), pu be as before on slides 6, 7. For simplicity we
formulate and prove only the simplest setting of A and metric.
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Theorem

Let u(B(x,r)) < r™. Let T be a Calderén—-Zygmund operator of
order m in R9. Then there exists a probability space of dyadic
lattices (2, P) such that

T=ar /Q Mw)dP(w)+ .1 /Q M (w) dP(w)+ 05)
3.7 ;2—"” /Q Sn(w) dP(w).

Moreover, et > 0. Constants c; 1, C, 1, 3,7 depend on the
Calderon-Zygmundparameters of the kernel, on m and d, and on
the best constant in the so-called T1 conditions:

IT1ol3, < Con(Q), (0.9)

IT*10ll5, < Gou(Q), (0.10)
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The same thing holds on general geometrically doubling metric
space X (not just R) and any non-homogeneous
Calderén—Zygmund operator having Calderén—Zygmund kernel in
the generalized sense above. Of course measure should satisfy

w(B(x,r)) < CA(x,r).

We prefer to prove the R9version just for the sake of avoiding
some slight technicalities. For example, the construction of the
suitable probability space of random dyadic lattice on X is a bit
more involved than such construction in RY. See two different
constructions of suitable probability spaces of dyadic lattices in
Hytonen—Martikainen and Nazarov—Reznikov—Volberg.
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The T1 theorem is a corollary of course. It has a long story: if
1= mygy it was proved by David—Journé. For homogeneous
(doubling) measures p it was proved by Christ. In the case of
non-homogeneous p, T1 theorem was proved in NTV. Just NTV is
not quite enough however to prove the above decomposition to
shifts, and we use a beautiful step of Hytonen as well. Then
non-homogeneous T1 theorem is just a corollary of the
decomposition result, because all shifts of order n involved in (0.8)
have norms at most n + 1 (see the discussion above), but
decomposition (0.8) has an exponentially decreasing factor.
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Probability space of dyadic lattices and dyadic shifts of

different order

Let (2, P) be a probability space of “dyadic” lattices on our metric
space X (below X = R?, see Nazarov—Reznikov-V. for general X)
satisfying certain axioms. In what follows all D = D(w) = Ux<nDy
are from (Q,P). So let Q be insuchaDand let Q;, i=1,...,2¢9
be its children. For any f € L(11) we denote Eqf = (f}l’#lQ,

& = Z Eof,

QEDy
and

A f = (5k+1 — gk)f, AQf = Ayf - 1Q y Qe Dy.
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Now let f € L3(u) subscript 0 meaning that [ f du = 0. Then

f=> Aof,

QeD
and
29—1
Agf = (F, hig)uhly
i=1
where h’b are called (u— Haar functions and the have the following
properties '
o (hy, h/R)M =0,Q #R,
° ( i )M = O?’ 7£./v
° Hh H

291
hIQ - E =1 CQ m]'Qm’
€Qml < 1/v/1(Qnm)-
Above Qpn's are children of Q. Below we will start to skip index /.
We already abbreviated h'é“ to hy now we abbreviate further to hg
unless said otherwise.
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Definition of good cubes

Definition

Cube Q € D(w) is called good ((r,~)-good) if for any R in the
same D(w) but such that ¢{(R) > 2"¢(Q) one has

dist(@, sk(R)) > L(R)'¢(Q), (0.11)

where sk(R) := Uzd_l 0Qm, again Qn,'s being all children of Q.

m=1

Given Q € Dy we denote g(Q) = k. Our main “tool” is going to
be “dyadic shifts”. But they will be with respect to
non-homogenous measure. Their typical building blocks will be
Haar projections with respect to non-homogeneous measure f.

Axiom of (Q,P). VQ, P{Q is bad} = 1.
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Dyadic shifts

We call by Sm,n (shift of complexity (m, n), or shift of complexity
max(m, n)) the operator given by the kernel

f— Z/LaL(x,y)f(y) du(y), where

LeD

ar(x,y) = > cLo.Rh(X)ML(y), (0.12)
QCLRCL
g(Q)=g(L)+m,g(R)=g(L)+n

where hiy := h‘c'“,’i, W .= hiJ are Haar functions (as above)
orthogonal and normalized in L?(du), and |c; q.r| are such that

> leorlP <1. (0.13)
Q,R
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In particular, it is easy to see that if a; has form (0.12) and satisfies

1
a6, y)l < —== (0.14)
p(L)
then (0.13) is automatically satisfied, and we are dealing with

dyadic shift.

A little bit different but basically equivalent definition can be given
like that: operator sending A7(L?(p)) to itself and having the
kernel a;(x,y) satisfying estimate (0.14) is called a local dyadic
shift of order n. Here A7(L?(1)) denotes the space of L*(p)
functions supported on L and having constant values on children Q
of L such that g(Q) = g(L) + n+ 1. Now dyadic shift of order n is
an operator of the form S, f := >, . [, aL(x, y)f(y)dy, where a;
corresponds to local shift of order n.

All these definitions bring us operators satisfying obviously
ISm,nll2(uy—12u) < 1y or [Sll2uy—r2(y <n+1.
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Generalized shifts

We also need generalized shifts, but only of complexity (0, 1).

Definition

Let Nf := ZLGD(ﬂL’“\/,u(L) S tcLje=a-s|u| €Lt - 1y where {c ¢}
satisfy not just the condition pu(L) > ey jgj=o—|| lco|? <1 that
would be equivalent to “the usual (0, s)-shift normalization
condition”, but a rather stronger Carleson condition

ooy D P <u(R). (0.15)

LCR,LeD ecLje)=2-5]L]|

Then N is called a generalized shift of complexity (0, s).

With s = 1 these are paraproducts. We will need only
paraproducts and their duals.
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Proof of non-homogeneous decomposition theorem

We are proving now the decomposition to shifts Theorem of slide
15, which immediately gives non-homogeneous T1 theorem.

Let f,g € L3(u), having constant value on each cube from Dy.
We can write

Q J R i

First, we state and proof the theorem, that says that essential part
of bilinear form (Tf, g), of T can be expressed in terms of pair of
cubes, where the smallest one is good. This is almost what has
been done in NTV 1997, 2002. The difference is that in NTV an
error term (very small) appeared. To eliminate the error term we
follow the idea of Hyténen. In fact, the work Hytonen improved on
“good-bad” decomposition of NTV by replacing inequalities by an
equality and getting rid of the error term.
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Representation by the sum, where the smaller in size is

always good

Let T be any linear operator. Then the following equality holds:

E Y (T W) (F e h) =
Q,R,i,j
HQ)>4(R)

€ > (Th, BR)(F, o) (g ).
Q,R,i,j
2(Q)=£(R), RJis good

The same is true if we replace > by >.
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We denote o(T) = (Thiy, h)(F, b)) (g, hz)
(Q)=UR)

o(T)= > (Thy, hg)(f, My)(g, hz). We would like to get a

Z(Q)>€(R)

Ris good
relationship between £o(T) and £0'(T). We fix R and put
8good ‘= Z (g, hf‘?)h:‘? . Then

Ris good

YooY (Thy hR)(F hg)(g hg) =
@ Ris good

T(f), Z (&, h;?)h;? = (T(f)vggood) .

Ris good
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Take expectations

Z )(ga h )]'Ris good — g(T(f)7ggood) =

—

,gz (T, hi)(F, hp)(g, hi).

(0.16)
Fine. But we need “triangle” sum: where /(R) < ¢(Q)! Fix a pair
(Q) < ¢(R). Then the goodness of R does not depend on Q, so

> (Thiy, hR)(F, o) (& i) = & ((Thlg, WR)(F, W) (g hi)Lgis good| @ R

Let us explain this equality. The right hand side is conditioned:
meaning that the left hand side involves the fraction of two
numbers: 1) the number of all lattices containing Q, R in it and
such that R (the one that is larger by size) is good and 2) the
number of lattices containing @, R in it. This fraction is exactly
Tgood = % The equality has been explained.

(T(F).€ good) = 5 (T(F
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%sZ(THQ, W)(F, Wg)(g ) = € S (T, W) F. )& hie L, goocr

Q,R
SZ Mgs hR)(F, o) (8, M) g good + €D (THy, hR)(F, Mo)(g: h
E(Q)<Z(R) “Q )>€(R)
*EZ (THy, hR)(F, M) (g, hR) +E€ > (Thy, hR)(f, 1y)(g, hk),
K( (R) £ Q)=£(R),R good

and therefore

SZ (ThJQ7h;?)(f>hj ga hl 782 Thj hl hJQ)(g7 h;?)
4Q)>4(R), R good UQ)=L(R)
(0.17)
which is the statement we wanted.

Alexander Volberg. A paper by Brett Wick and Alexander Volbei  Non-homogeneous T1 and Bergman kernels



We have just reduced the estimate of the bilinear form
>-q.ren(Thq, hrR)(f, hQ)(g, hr) to the estimate over all dyadic
lattices in our family, but summing over pairs @, R, where the
smaller in size is always good:

& ZQ,RED, smaller is good(ThQ’ hR)(f’ hQ)' Split it to two
“triangular” sums:

& Z (TthhR)(fa hQ)(g’ hR)
Q,ReD, ¢(R)<{(Q), R is good

and

E Z (ThQahR)(f7hQ)(g7 hR)
Q,ReD, ¢(Q)<{(R), Q is good

They are symmetric, so we will work only with the second sum.
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First consider 00 := & > oep. @ is good( Tha: hQ)(f, ho)(g, ha)-
We do not care where Q is good or not and estimate the

coefficient (Thg, hg) in the most simple way. Recall that

hg = 21211 cqQ.jlq;, where Q; are children of Q. We also

remember that |cg ;| < 1/4/u(Q;). Estimating

lcqllcqrll(T1a, 1a, )<L/ \/m( @)1/ /(@) G/ m( @)/ (@) < G

by (0.9), we can conclude that oo/ CZ is actually splits to at most

49 shifts of order 0. Similarly we can work with s =1,...,r. We
need r to be large but fixed.
o =& > (Thq, hr)(f, hq)(g, hr) . (0.18)

Q,ReD, QCR, £(Q)=2-((R), Q is good
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Inner sum: Q C R, @ is good

We gather good @ and some R like above and also

0(Q) < 27"¢(R). Then it is easy to see that

dist(Q,R2) < 27""1/(Ry) = #(Q), where Ry is a descendant of
R such that ¢(Ry) = 2"¢(Q), and Ry is son of R; that contains Q.

Lemma

Let Q C R, S(R) be the son of R containing Q, and let
dist(Q,9S(R)) > ¢(Q). Let T be a Calderén-Zygmund operator
with parameter €. Then

(ThQ, hR) = <hR>S(R)(hQ’AQ T*l)u + tQ.R, where

~
N—r

(Qy
ol < [ [ St + iy el Ihe(o) duts)l dn

UQ)
//]Rd\s dist(t, Q) + (Q))m—l—a‘hQ(S)H<hR>5(R)7M’d,u(S)‘du(t)
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Consider two integral terms above separately

t1 i=t1 QR = fR\S(R) ... and tp := QR = f]Rd\R e

In the second integral we estimate hg in L(u):

lholli,y < Vi(Q), and we estimate hg in L%(p):

lhrllco < 1/4/1(S(R)). Integral itself is at most (recall that
p(B(x,r) < rm))

UQ) U(Q)
s ) + 5 99 = it sy
(0.19)
So if @ is good, meaning that dist(Q, sk(R)) > ¢(R)}=74(Q)”
then (0.19) gives us

[t2,Q.r| < (

/ut(Q))))l/%(Q)”7 (0.20)

u(S(R))  HR)T=
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In the first integral we estimate hq in LY(1): [|hgll1. < /(@)
and we cannot estimate hg in L°°(u): [|hr|| o (r\s(r))- The
problem is that this supremum is bounded by 1/+/u(s(R)) for a
sibling s(R) of S(R). But because doubling is missing this can be

1/2
an uncontrollably bad estimate. The term (ufsf(%)))) is a good
term , at least it is bounded by 1, on the other hand the term

u@ M, bounded b hing, it i llabl
(”(S(R))> IS not bounded by anything, it Is uncontrollable.

Therefore, we estimate here ||hg|1,, < \/p(R). THUS, we are

forced to estimate Integral kernel itself in L> as all L1(x) has been
(Q)*
dist(Q,sk(R))m+e "

just spent. So we get the term )
As @ is good, meaning that dist(Q, sk(R))

£(R)Y*74(Q)Y then

>
)6
e)vy

we gOt ’tl Q, R| < (/"L(Q)M(R))l/zz(R)m#—E (m+ (Q (Q)(m+s Choose
v o= (m+ - Then

€/2 /u /u 1/2 °(Q) €/2
1t1,Q.R| < ( (R)) é(R)"’ = (u(R)> (W) '
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Inner sum is the shifts and paraproducts combination

Inner sums ZQcR,Z(Q):Z*’*’%(R), Qis good(ThQ’ hr)(f. hq). (& hr).
k > 0, can be written as three sums:

> > tor(F, he), (8, hr)

R QCR,(Q)=2-r—k¢(R), Qis good

> > t2,,R(f: ho). (g, hr)

R QCR,4(Q)=2"r"k{(R), Qis good
and

> > (hR) g gy (hQ, BT 1)u(f, hQ)(g: hR) -
R QCR,4(Q)=2-r"k{(R), Qis good
Obviously, the first sum is the bilinear form of a shift of complexity

s+ aving the coefhicient _5,2+k In front. € second sum
0,7 + k) having the coefficient 2~ =2 in front. Th d

is also the bilinear form of a shift of complexity (0, r + k) having
.. _ Q=ey)(rtk) . .
the coefficient 2 2 in front. We just look at two. previous

slides and notice that } o5 (g) ((M(Q)/M(S(R))1/2)2 <1.
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The sum of third sums is a paraproduct
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The outer sum. Why it is the combination of shifts?

The decomposition of the outer sum We are left to decompose

€ Z (ThQ7hR)(f7 hQagu hR)
QNR=0,4(Q)<L(R), Qis good

into the bilinear form of (s, t)-shifts with exponentially small in
max(s, t) coefficients.
Denote

D(Q, R) = £(Q) + dist(Q, R) + £(R) .

Also let L(Q, R) be a dyadic interval from the same lattice such
that /(L(Q,R) € 2D(Q, R),4D(Q, R)) that contains R.

Alexander Volberg. A paper by Brett Wick and Alexander Volbei  Non-homogeneous T1 and Bergman kernels



Exactly as we did this before we can estimate
(Th.he) = [ [ [K(x.9) ~ K(x. ca)lha(y)ha(x) duty) )

by estimating || Aol < /(Q), llhll < /u(R), and

% < U(Q)/2JU(R)=/2+m if dist(Q, R) < £(R).

Otherwise the estimate is /(Q)°/D(Q, R)™ . These two
estimates are both united into the following one obviously

g/2 6/2
!(ThQ,hR)ISC(iE%)/ 0. R)m%p\/ Q)vu(R). (0.21)

Of course in this estimate we used not only that @ is good, but
also that £(Q) < 27"¢(R). Only having this latter condition we
can apply the estimate on dist(Q, R) that was used in getting the
previous inequality (0.21).
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Simple pairs: comparable size

However, if £(Q) € [27""14(R), {(R)] we use just a trivial estimate
of coefficient (Thg, hg)|, namely

[(The, hr)| < C(Co,d), (0.22)

where (p is from (0.9). This is not dangerous at all because such
pairs @, R will be able to form below only shifts of complexity
(s,t), where 0 < s < t < r; the number of such shifts is at most
w, and let us recall, that r is not a large number, it depends
only on d.
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Now in a given D € Q a pair of @, R may or may not be inside
L(Q,R) (R C L(Q, R) by definition). But the ratio of nice
lattices (these are those when both @, R are inside L(Q, R)) with
respect to all lattices in which both Q, R are present is bounded
away from zero, this ratio (probability) satisfies

p(Q,R) > Py >0. (0.23)

We want to modify the following expectation

r=¢ Z (ThQ7hR)(f7 hQaga hR)
QNR=0,4(Q)<{(R), Qis good

This expectation is really a certain sum itself, namely the sum over
all lattices in Q divided by their total number £(Q2) =: M. Each
time @, R are not in a nice lattice we put zero in front of
corresponding term. This changes very much the sum. However
we can make up for that, and we can leave the sum unchanged
if for nice lattices we put the coefficient 1/p(Q, R) in front of
corresponding terms (and keep 0 otherwise).
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Then

number of lattices containing @, R 1 number of nice lattices cor
M p(Q,R) M

Notice that in the original sum ¥ terms Q, R are multiplied by the

LHS. The modified sum will contain the same terms multiplied by

the RHS. So it is not modified at all, it is exactly the same

sum! We can write it again as

£ > m(Q, R,w)(Thq, hr)(f, ho)(g, hr),
QNR=0,£(Q)<{(R), Qis good

where the random coefficients m(Q, R, omega) are either 0 (if the
lattice D = w is not nice), or 1/p(Q, R) if the lattice is nice.
Now let us fix two positive integers s < t, fix a lattice, and
consider this latter sum only for this lattice, and write it as

DD > m(P, Q)(Thg, hr)(, hq)(g. hr)

s t LQCLRCLL(Q)=2t¢(L),¢(R)=2-5¢(L)

PIPBLAS
s t
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Each o5 is a dyadic shift of complexity (s, t). In fact, use
p(Q,R) > P4 > 0 and use already proved (0.21), which is the
following;:

e z—:/2
(Tha.he)l < ()" 5 YIONIG

Q R m+e/2

Then one can easily see that the sum of squares of coefficients

/2
inside each L is bounded. Moreover, the terms (%)E ,

(%)8/2from (0.21) gives us the desired exponentially small
coefficient whose size is at most

o—¢e(t—s)/2 . 9—es/2 _ p—et/2 _ pg—emax(s,t)/2

By T1 operator we understand the operator satisfying the test
conditions (along with its adjoint operator).

The theorem on decomposition of T1 operator with
Calderén—Zygmund kernel to “dyadic shifts” of various order with
exponential (in order) coefficients is completely proved.
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