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Almost-eigenvectors and the ultraspectrum
Let A € £L(X), X a Hilbert space.

«O>» «Fr «E» «=>» A



Almost-eigenvectors and the ultraspectrum
Let A € £L(X), X a Hilbert space. Suppose

ulix Sy,
inputs

outputs;
B* c*
U— X<+——Y.
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Almost-eigenvectors and the ultraspectrum
Let A € £L(X), X a Hilbert space. Suppose

ulix Sy,
inputs

outputs;
B* c*
U X<+—Y.
Almost-eigenvectors of A*:

(zl - A*)gZ,U,y = C'y,

* —
B 8z,uy = U,

(uy)eUa Y.
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1. GENERAL IDEAS ON THE DUAL MODELS

Almost-eigenvectors and the ultraspectrum
Let A € £(X), X a Hilbert space. Suppose

uix Sy,
inputs outputs;

UL x&Ey,

Almost-eigenvectors of A*:
(2] = A")gzuy = C'y,
B*gzuy = u, (uy)eUa Y.
Assumption: (z, u, y) determine g = g, 4 .
g =gy = (u,y) € F(2).

The ultraspectrum of A: the vector bundle

F = {f(z)}ze(c

(of varying dimension, in general).
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Definition of OA,B,C-
x e X — OA,B,C X,

(OaB,cx)(2) = (X, 82,uy)-

Oa,B,c : X — {holomorphic cross-sections of F* = {F(z)"},cc},
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Definition of OA,B,C-
x e X — OA,B,C X,

(OaB,cx)(2) = (X, 82,uy)-

Oa,B,c : X — {holomorphic cross-sections of F* = {F(z)"},cc},

(OaB,cAX)(z) = (I\/IJOAB’CX) (2),

Msz(Z) def

= zf(z) —

(#(2) |,

«O> «F>r «=» «E» = o>



1. GENERAL IDEAS ON THE DUAL MODELS
Definition of Osp c.

xe€X = Oagcx, (0Oapcx)(z)=(X,8zuy)

Oa,,c : X — {holomorphic cross-sections of F* = {F(z)"},ec},

(OaB,cAx)(z) = (/\/IZTOA7B7CX) (2),

M F(2) € 2f (2) — (2f(2))|,_.

General scheme:

1) Find almost-eigenvectors of A and of A*.

2) Define model spaces Mod(F), Mod(F) for A and A*.

3) Define the Cauchy duality between Mod(F) and Mod(F)
4) Prove the Model Theorem:
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1. GENERAL IDEAS ON THE DUAL MODELS
Definition of Osp c.

xe€X = Oagcx, (0Oapcx)(z)=(X,8zuy)

Oa,,c : X — {holomorphic cross-sections of F* = {F(z)"},ec},

(OaB,cAx)(z) = (/\/IZTOA7B7CX) (2),

2 (2) ~ (2f(2)),—..

M, f(z)
General scheme:
1) Find almost-eigenvectors of A and of A*.
2) Define model spaces Mod(F), Mod(F) for A and A*.
3) Define the Cauchy duality between Mod(F) and Mod(F)
4) Prove the Model Theorem: A is similar to the operator of
multiplication by the independent variable on the model space.
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Basic idea: to construct simultaneously the models of A and A*.
O = OappB,c:

O* == OA*,C*,B*-

X X*
oL 0.
Mod(F) Mod(F,).
f, & — (f.ga€C
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1. GENERAL IDEAS ON THE DUAL MODELS
Basic idea: to construct simultaneously the models of A and A*.

O = 0ap,c; O, = Op« c*,B*-

X X*
ol 0.l
Mod(F) Mod(F,).
f, & — (f,g)aeC
Fact: Mod(F) = (Mod(]—"*))*, O, O, bounded, one-to-one =
they are isomorphisms,

(x,y) =(Ox, O.y)q Vx e X VyeX*".
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Remarks 1. A simple calculation shows:
<g27U7Y’ g*7W7U*7Y*> =

(U, u) = {ys ys)

w—2Zz

)

(u,y) € F(2), (us, y4) € Fu(w).

«O>» «Fr «=>» «=>» DA™



Remarks 1. A simple calculation shows:
<g27U7Y’ g*7W7U*7Y*> =

(U, u) = {ys ys)

w

— z ’
Cauchy duality.

(u,y) € ]:(Z), (U*,y*) € ]:*(W)
It follows that the duality between Mod(F) and Mod(F,) is always a

«O» «Fr «=)r» «E)» o>




1. GENERAL IDEAS ON THE DUAL MODELS
1. A simple calculation shows:

U, Ux) — \Y, Y«
<gz,u,y7 g*,w,u*,y*> = < > < >7 (ua)/) € f(z), (U*,y*) € ‘F*(W)

w—Zz

It follows that the duality between Mod(F) and Mod(F,) is always a
Cauchy duality.
2. For z ¢ o(A),

(u,y) € F(2) == u=9(2)y,

where
d(z)=C(z—A)'B: U—=Y

is the transfer function of system (A, B, C). In this case, instead of values
Oa.B,cx(z) we can consider the values of

Oa,cx(z) & C(z—A)*x.
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A. Toeplitz operators. F € C'*¢(T), e > 0; F(T) has a finite number
of self-intersections.

Tra = P2(F - a), ac H.
Case of positive winding:

B = PLin(l,z,ZQ...,zN—l)a

c=0.

«O» «Fr «=)r» «E)» o>



2. EXAMPLES OF DUAL MODELS

A. Toeplitz operators. F € C*¢(T), e > 0; F(T) has a finite number

of self-intersections.
Tra = Pa(F - a), ac H.
Case of positive winding:
B = PLin(l,z,zz...,zN*1)7 Cc=0.

B. “Smooth” perturbations of normal operators with
two-dimensional Lebesgue spectrum.

N normal; A= N+ K its perturbation.

K = CB; o(A) C D.

Conclusion: N + K is similar to the operator of multiplication by the
independent variable on
HD/@Ez(D).
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C. Hyponormal operators.

A hyponormal operator T:

DETT_TT*>0:

Dual analytic models of T and of T* in
spaces of distributions

D. Xia et al 1983, M. Martin, M. Putinar 1987, [Y] 1995.

B =D'?,

c=0.
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D. Subnormal operators.

A subnormal operator S: S = N|H, NH C H, N normal: D. Xia 1987 -
1996, McCarthy-Yang 1997 et al.:

The case of finite rank self-commutator [Y], 1998:

Dual analytic models in Hardy spaces over “halves” of real algebraic
curves.

«O» «Fr «=)r» «E)»



Assume: o(A) C Q¢ L dos Q.

We wish to construct a Nagy-Foias type model of A in Q.
Remind:

«O>» «Fr «E» «=>» A



Assume: o(A) C Q¢ L dos Q.
We wish to construct a Nagy-Foias type model of A in Q.

Remind:
The Hardy—-Smirnov class

E%(Q) dof clos;2(ag) Pol
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

Assume: o(A) C Q° L clos Q.
We wish to construct a Nagy-Foias type model of A in Q.

Remind:
The Hardy—-Smirnov class

E%(Q) et clos;2(5q) Pol

Vector-valued classes E2(€2, Y) are defined in the same way.
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O'(A) C Q¢ d:ef e
O i

X —  Mod(F) c E2(C\Q,Y)
A,C

«4Or «Fr «=>r «E» ) o



O'(A) C Q¢ d:ef e
O i

X*

—

X —  Mod(F) c E2(C\Q,Y)
A,C
(@)

A*,B*

Mod(F.) C EZ(C\ Q, U).

«4Or «Fr «=>r «E» ) o



O'(A) C ch d:ef e
2 _——
E%(Q, V) i ]

X*

—

X —  Mod(F) c E2(C\Q,Y)
A,C
(@)

A*,B*

Mod(F.) C EZ(C\ Q, U).

«O> «F>r «=» «E» ) o



O'(A) C ch d:ef e
E2(Q )
(2,0) i ]
Here

X*

—

A*,B*

X —  Mod(F) c E2(C\Q,Y)
A,C
(@)

Mod(F,) C E2(C\ Q¢ U)
WA’B - (OA*,B*)* . E2(Q7 U) — H.

«O> «F>r «=» «E» ) o



3. GENERALITIES ON NAGY-FOIAS TYPE MODELS
a(A) c Q L Clos Q.
E>(Q,U) --» X — Mod(F)cC E}C\Q,Y)
Wa s Oa,c

X" = Mod(F)C E2(C\ Q' V).
A* B*
Here

Wag = (Oasp+)" : E*(Q,U) — H.

Wy g is defined on U-valued rational functions by

Wa.g(q(z)u) d:efq(A) Bu € X, u € U,q € Rat(Q).
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

a(A) c Q L Clos Q.

E>(Q,U) --» X — Mod(F)cC E}C\Q,Y)

Wy Oa,c

X*  —  Mod(F,) C EX(C\ Q, V).

OA*,B*
Here

Wag = (Oasp+)" : E*(Q,U) — H.
Wy g is defined on U-valued rational functions by
Wa.g(q(z)u) d:efq(A)Bu € X, u € U,q € Rat(Q).
Then Wy g is extended by continuity to E?(€, U).

Wa M, = AW, g.
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

a(A) c Q L Clos Q.

E>(Q,U) --» X — Mod(F)cC E}C\Q,Y)

Wy Oa,c

Here
Wag = (Oa-p+)" : E*(Q,U) — H.

Wy g is defined on U-valued rational functions by
Wa.g(q(z)u) d:efq(A)Bu € X, u € U,q € Rat(Q).
Then Wy g is extended by continuity to E?(£, U).

Wa M, = AW, g.
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B:U-— X,

Wag : E3(Q,U) — X

«O>» «Fr «=>» «=>» DA™



B UL X,

Wag i E*(Q,U) = X
(A, B) is exact

?

«4Or «Fr «=>r «E» N



B:U-— X,

Wag : E3(Q,U) — X
(A, B) is exact if Wa g is continuous on E2(£2, U) and surjective. I

«O>» «Fr «=>» «=>» DA™



B:U-— X,

Wag : E3(Q,U) — X

(A, B) is exact if Wa g is continuous on E2(£2, U) and surjective.
ker WA,B d:ef(SEz(Q, Y);

«O» «Fr «=)r» «E)»

DA



B:U— X, Wag : E3(Q,U) — X
(A, B) is exact if Wy g is continuous on E2(Q, U) and surjective.
ker W g & 6E2(Q, Y);

§ € H®(Q,Y — U) is a generalized characteristic function of (A, B).

«O» «Fr «=)r» «E)» ) Qa

?



B:U— X, Wag : E3(Q,U) — X
(A, B) is exact if Wa g is continuous on E2(£2, U) and surjective.
ker WA,B d:ef(SEz(Q, Y);
Note:

§ € H®(Q,Y — U) is a generalized characteristic function of (A, B).

Y is the space of outputs, §(z) : Y — U.

«O» «Fr «=)r» «E)» ) Qa

?



B:U— X, Wag : E3(Q,U) — X

(A, B) is exact if Wa g is continuous on E2(£2, U) and surjective.

ker WA B : (SEz(Q Y)
§ € H®(Q,Y — U) is a generalized characteristic function of (A, B).

Note: Y is the space of outputs, §(z) : Y — U.

We could have assumed that § is an inner function.

«O» «F»r « =>»

it
-
it
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B:U— X, Wag : E3(Q,U) — X

(A, B) is exact if Wa g is continuous on E2(£2, U) and surjective.

ker WA B : (SEz(Q Y)
§ € H®(Q,Y — U) is a generalized characteristic function of (A, B).

Note: Y is the space of outputs, §(z) : Y — U.
We could have assumed that § is an inner function.

However, we assume only [|6710Q|| < C.

O»>r «F»r «

i

v
it

-
it

DA



Definition of Wj p:

it
a

«O>r «Fr < > > DA™



Definition of Wj p:
E*(Q, V)

«O>» «Fr «=>» «=>» DA™



Definition of Wj p:
E*(Q, V)

Wa.g

«O>» «Fr «=>» «=>» DA™



Definition of Wj p:

E2(Q, U)/5EX(Q, Y)

Wa.g

«O>» «Fr «=>» «=>» DA™



Definition of Wj p:

E2(Q, U)/5EX(Q, Y)

«O>» «Fr «=>» «=>» DA™



3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

Definition of WA_,B: -
Wa B
E?(Q,U)/6E%(Q,Y) - X

Theorem (control model). Suppose system (A, B) is exactly controllable, and
define its G.Ch.F. § and a space Y by Ker W = §E?(£2, Y). Then A is similar to
the operator of multiplication by the independent variable on

E*(Q,U)/6E*(Q,Y).

The converse also holds true.
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS
Definition of WA,B:

WAB
E2(Q, U)/5EX(Q, Y)

X
Theorem (control model). Suppose system (A, B) is exactly controllable, and

define its G.Ch.F. § and a space Y by Ker W = §E?(£2, Y). Then A is similar to
the operator of multiplication by the independent variable on

E*(Q, U)/6E*(Q,Y).
The converse also holds true.

How to calculate ¢ explicitly ?
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The duality between the observation and the control models:
«4O0>» «Fr «Er» «E)» o>
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The duality between the observation and the control models:

E2(Q, U)/6E*(Q, Y)

Mod(F) = H(6)

«O» «Fr «=)r» «E)» o>



The duality between the observation and the control models:

E2(Q, U)/6E*(Q, Y)

Js

Mod(F) = H(6)

«O» «Fr «=)r» «E)» o>



The duality between the observation and the control models:

E2(Q, U)/6E*(Q, Y)

Js

Mod(F) = H(6)

«O» «Fr «=)r» «E)» o>



The duality between the observation and the control models:

Js
E2(Q, U)/6E2(Q, Y)

Mod(F) = #(6)

e

Js: E3(Q,U) — E*(C\ Q,Y),
where

JsF P (57YF), e EXQ,U).
L2(9Q) = EX(Q) + E*(C\ )
Py

«O» «Fr «=)r» «E)» o>




The duality between the observation and the control models:

J
E2(Q, U)/6E*(Q, Y) ’

Mod(F) = #(6)

e

Js: E3(Q,U) — E*(C\ Q,Y),
where

JsF P (57YF), e EXQ,U).
L2(9Q) = EX(Q) + E*(C\ )
Py

Range Js & #(5) = {g € EX(C\Q,Y): 4-g|0Q € EX(Q,U)}.

DA

u]
v
a
8]
i
v
it
-
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The duality between the observation and the control models:

Js
E2(Q, U)/6E*(Q, Y) ’

Mod(F) = #(6)

e

Js: E3(Q,U) — E*(C\ Q,Y),
where

JsF P (57YF), e EXQ,U).
L2(9Q) = EX(Q) + E*(C\ )
Py

Range Js & #(5) = {g € EX(C\Q,Y): 4-g|0Q € EX(Q,U)}.

DA

u]
v
a
8]
i
v
it
-
it



H(d)

Js
/0/476_'
—
U)/SE%(Q, X
2(q,
E \
Wae



~

3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

J
E2(Q, U)/6EX(Q, Y) '

H(9)

Suppose Wy g, Oa c are bounded, O4 ¢ is one to one and Wy g has
dense range. Then

o
D. YAKUBOVICH (UAM - ICMAT) DUAL FUNCT. MODELS OF LINEAR OPERATORS

=

DAy
May 23, 2013 15 / 22



3. GENERALITIES ON NAGY-FOIAS TYPE MODELS
E?(Q,U)/5E3(Q,Y)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

o
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

E2(Q, U)/6EX(Q, Y) H(5)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

both Oa ¢ and WA,B are isomorphisms, and we obtain both control and
observation Nagy-Foias type models of A in .

[m] = = =
May 23, 2013 15 / 22
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

E2(Q, U)/6EX(Q, Y) H(5)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

both Oa ¢ and WA,B are isomorphisms, and we obtain both control and
observation Nagy-Foias type models of A in .

REMARK.

v
=] (=] = = £ ©ar
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

E2(Q, U)/6EX(Q, Y) H(5)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

both Oa ¢ and WA,B are isomorphisms, and we obtain both control and
observation Nagy-Foias type models of A in .

REMARK.

— A~
OA,CWA,B =J5 <

v
=] =1 = = £ A
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

E2(Q, U)/6EX(Q, Y) H(5)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

both Oa ¢ and WA,B are isomorphisms, and we obtain both control and
observation Nagy-Foias type models of A in .

REMARK.
OacWap=Js < Su=P_(5u)onC\Q¥ VYueU

v
=] =1 = = £ A
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3. GENERALITIES ON NAGY-FOIAS TYPE MODELS

E2(Q, U)/6EX(Q, Y) H(5)

Suppose Wy g, Oa c are bounded (’)A c is one to one and Wy g has
dense range. Then Oy CWA B = J5 =

both Oa ¢ and WA,B are isomorphisms, and we obtain both control and
observation Nagy-Foias type models of A in .

REMARK.

OacWap=Js < Su=P_(5u)onC\Q¥ VYueU
where ®(z) = C(z — A)"'B: U — Y is the transfer function.

o = £ = £ 9Dar
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Suppose 0 < 6 < /2,

«Or < Fr < =) «=)» DA™



Suppose 0 < 6 < /2,

Q=Qy={zeC:2z+#£0,|argz| < 6}.

«Or < Fr < =) «=)» DA™



Suppose 0 < 6 < /2,

Q=Qy={zeC:2z+#£0,|argz| < 6}.
Let A be a closed operator on a Hilbert space X,

«O>» «Fr «=>» «=>» DA™



Suppose 0 < 6 < /2,
Q=Qy={zeC:2z+#£0,|argz| < 6}.
Let A be a closed operator on a Hilbert space X,

Iz = A) 7 <

| |, Z¢Qg.

«O>» «Fr «E» «=>» A

We assume ker A = 0.



(c) Vo€ (0,1),

Let Q=Qp={z€C:2z+#0,|argz| <0} and A is as above. Then TFAE:
(a) A admits an H>*(Q2) functional calculus;
(b) {A*}, g isa G group;

D(A%) = D(|A[*), D(A*) = D(JA*[*).

«O» «Fr «=)r» «E)» o>




4. APPLICATION TO GENERATORS OF ANALYTIC SEMIGROUPS

THEOREM (A. McINTOSH, 1986)

Let Q=Qp={z€C:2z+#0,|argz| <0} and A is as above. Then TFAE:
(a) A admits an H>*(Q2) functional calculus;

(b) {A"s}se]R is a Gy group;

(c) Va€(0,1), D(A%) = D(JA]%), D(A") = D(IA*|*).

By applying Nagy-Foias type models, we obtain the following

THEOREM (J. GALE-P. MIANA-Y.)
Put
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4. APPLICATION TO GENERATORS OF ANALYTIC SEMIGROUPS

THEOREM (A. McINTOSH, 1986)

Let Q=Qp={z€C:2z+#0,|argz| <0} and A is as above. Then TFAE:
(a) A admits an H>*(Q2) functional calculus;

(b) {A"s}se]R is a Gy group;

(c) Va€(0,1), D(A%) = D(JA]%), D(A") = D(IA*|*).

By applying Nagy-Foias type models, we obtain the following

THEOREM (J. GALE-P. MIANA-Y.)

Put

U=Y =H, B =2VA, B = VA.
Then (a) & (b) © (¢) &
(d) Oa,c and Wy g are isomorphisms, with

A—=z
6(2):A+z.
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Remark: MclIntosh's construction is related with:
@ The Kato square root problem

«4O0>» «Fr «Er» «E)» = o>



@ The Kato square root problem

Remark: MclIntosh's construction is related with:
@ maximal regularity
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Remark: MclIntosh's construction is related with:
@ The Kato square root problem

@ maximal regularity

@ boundedness of the Cauchy integral operator on a Lipschitz curve
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Remark: Mclntosh's construction is related with:

@ The Kato square root problem

@ maximal regularity

@ boundedness of the Cauchy integral operator on a Lipschitz curve
@ The Banach space case is also very interesting.
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Q = a left half-plane;

o A = a first order non-dissipative differential operator,

6 will be an explicit n x n entire function;

e A = a (p generator of a linear neutral system with delays,
Q = a left half-plane;

6 will be an explicit n x n holomoprhic function in C
(except for one first order pole);

Q = a suitable vertical strip;
z)=(z—A)z+ 0o~ A)_l. o = const;
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5. OTHER APPLICATIONS OF THE NAGY—FOIAS TYPE
MODELS

e A = a first order non-dissipative differential operator,
Q = a left half-plane;
6 will be an explicit n x n entire function;

e A = a ( generator of a linear neutral system with delays,
Q = a left half-plane;
& will be an explicit n x n holomoprhic function in C
(except for one first order pole);

e A = a generator of an arbitrary Cy group;
Q = a suitable vertical strip;
§(z) =(z— A)(z+ 0 — A1, o= const;

o A = A+ |Ao|*K]|Ao|* non-dissipative operator (a < 1),
Q = a suitable non-convex parabolic domain,
also an explicit formula for 4.
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In general, O4 c and Wy g are isomorphisms if one replaces H with Hy,

where Hy is the completion of A(/ + A)~2H w.r. to the Mclntosh norm

Il = [ e dt)

¥(2)| < b=

1+[z[>

where 1) € H>(Qy)

(z € Qp), for some s >0

DA

u]
v
a
8]
i
it
-
it



ADDITIONAL OBSERVATIONS

REMARK

In general, O4 ¢ and VV\AB are isomorphisms if one replaces H with Hy,
where Hy is the completion of A(/ + A)~2H w.r. to the Mclntosh norm

o i
Il = ([ et )

me¢eHm&w,W&ﬂ§Jﬁk(ze%)bmmms>0

In particular, there is an H* calculus for A, considered as an operator on
Ha.
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where Hy is the completion of A(/ + A)~2H w.r. to the Mclntosh norm

= g b
el = (et )

me¢eHm&w,W&ﬂ§dﬁk(ze%)bmmms>0

In particular, there is an H* calculus for A, considered as an operator on
Ha.

THEOREM 2 (J. GALE-P. MIANA-Y.)
Put A=logA+2mi. Then
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In general, O4 ¢ and VV\AB are isomorphisms if one replaces H with Hy,
where Hy is the completion of A(/ + A)~2H w.r. to the Mclntosh norm

= g b
el = (et )

me¢eHm&w,W&ﬂ§dﬁk(ze%)bmmms>0

In particular, there is an H* calculus for A, considered as an operator on
Ha.
THEOREM 2 (J. GALE-P. MIANA-Y.)
Put A=logA+2mi. Then
> . 1
N "H C Hy C N"H, Vr>§.
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